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Introduction
“Mathematics : Queen and Servant of Science” is the title of E. T. Bell’s classic work [Bell
1951]. The fact that Mathematics was always intertwined with the understanding of the
observed reality and has served as a responsive supporter of Scientific and technological
development can be diachronically and amply documented, see for example the classic works
by Bohner [Bohner 1966] and the Bourbaki group [Bourbaki 1991].
This has been the case from Elementary Geometry, Trigonometry and Algebra for
Astronomical calculations and topography, to Calculus, Differential Equations and Analytic
and Differential Geometry for classical Mechanics, Electromagnetism, Thermodynamics and
Fluid Dynamics (19th century classical physics) and (jumping to the last century), to
Functional Analysis and Operator theory for quantum Physics in the 1930’s, to “discrete”
Mathematics for Computer Science in the 1960’s, Dynamical Systems and Chaos in the 70s,
new mathematical models techniques for econometrics in the 1980’s and Graph Theory and
networks early in the 21st century for social networks and the web.
Furthermore throughout its fascinating history, Mathematics itself developed via a virtuous
feedback process. New definitions and theorems were created to respond to the needs of
emerging Science problems (e.g. calculus – Newton), and then evolved further beyond the
original “call for service” (planetary motions, ballistics). Interestingly enough though, many
of these further curiosity driven developments, came to serve new scientific and
technological developments in unexpected ways (e.g. graph theory and printed circuits).
We have many reasons to believe that this decade will see many such developments in what
we could call “Mathematics for the Web”.
Already, significant use is made in current Web research ,, [O’Hara et al., 2012] by selecting
from the vast arsenals of Mathematical Logic, Probability, Statistics and Game theory,
Graphs, Networks and Complex Systems.
Sometimes work is duplicated (e.g. description logic as an earlier developed modal logic
syntactic variant) and the identification and definition of new challenges for researchers in
the traditional mathematical subjects which originate in Web Research is still largely missing.
To address this we propose to create self-contained modules for these mathematical subjects
which are directly relevant to current web research. In this work we focus on Mathematical
Logic (Part I) and on Graphs, Networks and Complex Systems (Part II). The approach we
have adopted, can be easily followed also in other branches of Mathematics, already known
to be relevant to the analysis of the web such as Probability, Statistics and Game theory
[Kolaczyk 2009], [Szabo 2007], [Easley 2010]
We start with Mathematical Logic. Using ongoing Ontologies development research as a
vehicle we try to answer the question of “What are the essentials of Mathematical Logic that
a Web researcher should know and why” by extracting a self- contained module from the
classical subject and demonstrating its uses with concrete examples. Graphs, Networks and
Complex Systems are the second pillar of the Mathematics of the Web, originating from the
analysis of interdependence, statistical mechanics and physical chemistry, social networks
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and algebraic topology. In fact the application of graph theory to the analysis of the world
wide web revealed the small worldness [Watts et al., 1998], [Adamic 1999], [Strogatz 2003]
and scale-invariance [Albert 1999], [Albert 2000], [Barabasi et al., 1999], [Barabasi et al.,
2002] features not only beneficial for the understanding of the structure and dynamics of the
world wide web [Baldi et al., 2003], [Dorogovtsev et al., 2003], [Pastor-Satorras et al.,
2004], [Bonato 2008], [Jackson 2008], [Easley et al., 2010], but actually resulted in a
regeneration of network theory, as well as in an explosion of innovative activity in complex
systems analysis [Meyers 2009] and applications in almost all scientific fields, like Systems
Biology and Systems Medicine, Socio-Economic Dynamics and of course, Communication
and Knowledge networks [Newman 2006], [Caldarelli et al., 2007], [Barrat et al., 2008 ],
[Jackson 2008], [Lewis 2009], [Newman 2010], [Gros 2011], [Estrada 2011].
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Part I. Elements of Mathematical Logic for Ontologies
Logic studies the way we express ourselves and draw conclusions and deals with how to
formalize it. In Logic, propositions are elementary statements are analyzed both as to the
form, namely their syntax, and the interpretation, namely their semantics. The relation
between the syntax and the semantics is also examined.
The first steps in Logic are credited to the Ionian and Eleatic philosophers and to the sophists.
It is however Aristotle who is considered as the founder of Logic as a science. Somehow,
interest in Logic declined with the Roman prevalence in the Mediterranean Sea. And in the
Middle Ages, as most of the work of the ancient philosophers — except for Plato and
Aristotle — was already lost or had disappeared, Aristotle's syllogistic became the privileged
of only a few .
Until 1850 or so, mathematical proofs were based largely on experience and intuition.
Leibnitz was the first to outline in 1666 the need for a formal language which would be used
in mathematical formulations and methodology. But his ideas were ahead of their time and it
was not until almost two hundred years later that George Boole developed the first formalism
for Mathematics with his studies on “The Mathematical Analysis of Logic published in 1847
and “The Laws of Thought” published in 1854.
Some comments on this extraordinary publication which are most pertinent to the internal
coherence of this monograph are in order. The full title of Boole’s book is “An Investigation
of the Laws of Thought on which are founded the Mathematical Theories of Logic and
Probabilities” [Boole 1958]. In fact the first 15 chapters (out of 22) of the book are devoted to
Mathematical Logic while from chapter 16 onwards elements of theory of probability and
statistics are presented. The last chapter is aptly entitled “Constitution of the intellect”.
It is most remarkable that Boole, a self taught mathematician and without any knowledge of
Leibniz’s earlier idea of a mathematical treatment of logic saw clearly the essential and
complementary roles of Logic and Probability in human thought processes.
This brilliant intuition was slowly lost and the adoption by mathematicians of Hilbert’s
program in the 20th century placed Logic and Probability at the two extremes — so to speak
— of the mathematics spectrum with Logic to the “left” of the so called pure mathematics
and Probability on the applied “right”.
The study of the Web shows how artificial this separation is and how right Boole was. It is no
accident that this monograph brings logic and probability together as the mathematical pillars
of the Web as they should be and as Boole would have it!
It was some decades later, in 1879, that Gotlob Frege with no awareness of Boole’s work
presented the first formal language for Mathematics and Logic [Frege 1880].
Then came the paradoxes of set theory and the ensuing disputes and doubts among
mathematicians about the foundation of their subject that propelled Logic forward and
established it as a mathematical area of its own.
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There were also attempts to develop a visual notation for logical expressions such as the one
proposed by Charles Sanders Peirce, who wrote on graphical logic in 1882 [Peirce 1882].
In 1895 and 1897, Cantor published the first and the second part of his study on cardinal and
ordinal numbers. In this study, which constitutes the first foundation of set theory, each
collection of objects is regarded as a separate entity called a set. Buralli-Forti discovered a
paradox in Cantor's theory as soon as 1897. And in 1899, Cantor himself published a paradox
concerning his theory on cardinal numbers. Russell published in 1902 a simpler form of that
same paradox, known in the history of mathematics as Russell 's paradox:
In Cantor's theory, each set is defined by the characteristic property of its elements. Let 𝐴 be
the set of all sets 𝑋 defined by property ∉ 𝑋 ,
𝐴 = {𝑋|𝑋 ∉ 𝑋}
But then:
𝐴 ∈ 𝐴 if and only if 𝐴 ∉ 𝐴
which is an antinomy.

Russel’s paradox became the emblem of the paradoxes of set theory which made clear that
only the rigorous formulation of mathematical concepts and methods could lead to sound
theories without internal contradictions.
That is how Logic started being developed.
The paradoxes of set theory generated a great deal of doubt and concern among
mathematicians of that period about the well-founding of mathematics. They also made clear
that only rigorous formalizing of mathematical concepts and method could lead to “sound”
theories without antinomies. And so, under Hilbert's influence, Remark 1.2.14, the axiomatic
method’s development began and Logic started taking its actual form.
The first actual use of Logic in what later became Computer Science came in the 1950’s in
the attempt to use a computer for symbolic computation.
Logic Programming developed by Colmerauer and Kowalski [Kowalski 1996] in Europe
allowed the computer to execute syllogisms and judgment procedures.
With the use and the development of computers in the beginning of the 1950’s, it soon
became clear that computers could be used not only for arithmetical computation but also for
symbolic computation. Hence, the first arithmetical computation programs, and the first
programs created to answer elementary questions and prove simple theorems, were written
simultaneously. The basic steps towards a general method based on Logic, which would
allow statement procedures as well as manipulation of symbols, were first accomplished in
1965 by Robinson with the use of the resolution method, and later by Kowalski and
Colmerauer who made use of Logic directly as a Logic Programming language.
Jumping over subsequent applications of Logic in Computer Science (e.g. in Artificial
Intelligence) let us now come to how Logic serve in the ongoing development of ontologies
on the path to a fully operational Semantic Web.
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As set forth in Aristotle’s Metaphysics and as the etymology of “ontology” (being and
logos/logic) hints behind every ontology there is a logic!
To put it a bit more concretely behind the hierarchy of ontology (current and coming )
development there is a corresponding hierarchy of ( decidable fragments of) Logics .
The correspondence between the two hierarchies is stunning. It would not be a hyperbole to
claim that each ontology level in the hierarchy is just the corresponding logic fragment in
frames-like clothes!
Propositional
Logic (PL)

Modal Propositional
Logic

RDFs

DAML OIL

Description
Logics

OWL DL

Logic
Programming
(Horn Clauses)

OWL FULL

First Order Logic (FOL)
Predicate Logic,
Predicate Calculus

Semantic
Interoperability

Predicate Modal Logic
(Quantified Modal Logic)

Querying

Second Order Logic
(SOL)

Semantic Search

Higher Order Logic
(HOL)

Automated Reasoning
7

It is with this motivation on that we now proceed to carve a path through formal
Mathematical Logic which covers the Logic Hierarchy described above up to but not
including Second and Higher Order Logics . This path is self-contained but also includes
everything that a Web Scientist needs to know in order to understand as well as to contribute
to the further development of the corresponding ontology evolution path.
Needless to say , there may well be other parts of Mathematical Logic outside this path that
may well prove useful or even essential for future studies of the Web.
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Chapter 1: PROPOSITIONAL LOGIC (PL)

1.1 The Language of Propositional Logic
We start by describing our first formal language which is the language of Propositional Logic
which is little more than a formalization of Aristotle’s Logic. This language will help us
formalize “propositions” so that we can then examine their structure and validity.
The language of Propositional Logic (PL) is a formal language. By means of this language,
we formalize that special part of everyday speech which is necessary to the formulation of
logical and mathematical concepts. Having formalized propositions with the use of that
language, we next examine them according to their structure and validity.
For every formal language, we have:
(a) an alphabet containing all the symbols of the language
(b) a syntax by means of which the symbols are utilized and the propositions are formed
(c) semantics by means of which the language interprets and allocates meanings to the
alphabet symbols.

The alphabet of the language of Propositional Logic consists of:
(i)
(ii)
(iii)

Propositional symbols: 𝐴, 𝐴1 , 𝐴2 , . . . , 𝐵, 𝐵1 , 𝐵2 , . . .
Logical connectives: ∨, ∧, ¬, →, ↔
Commas and parentheses: “ , ” and “ ( ” , “ ) ”

Logical connectives intuitively correspond to conjunctions used in everyday speech. We thus
have the following correspondence:
∨,

disjunction : or

∧,

conjunction : and

→,

implication : if . . . then . . .

↔,

equivalence : . . . if and only if . . .

¬,

negation

: not

Any sequence of symbols belonging to the alphabet of a language is called an expression. For
instance, ∨∨ 𝐵 , 𝐴 ∨ 𝐵 , ↔ 𝐴 are expressions of the Propositional Logic's language. Certain
well-formed expressions are considered by the syntax as propositions. The following
definition looks into the concept of propositions and, furthermore, describes the syntax laws
of the PL language.
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Definition 1.1.1: Inductive definition of propositions:
(i)
(ii)
(iii)

The propositional symbols are propositions, called atomic propositions or atoms.
If σ, τ are propositions, then the expressions (𝜎 ∧ 𝜏) , (𝜎 ∨ 𝜏), (𝜎 → 𝜏), (𝜎 ↔ 𝜏) ,
(¬𝜎) are also propositions, called compound propositions.
The expressions constructed according to (i) and (ii) are the only expressions of the
language which are propositions.
∎ 1.1.1

The expressions ∨ 𝐴 ∨ 𝐵 and ↔ 𝐴 are thus not propositions since they were not constructed
according to (i) and (ii), whereas (𝐴 ∨ 𝐵) and ((¬𝐴) ∨ (𝐵 ↔ (¬𝐶)) are indeed propositions.
The above definition uses the method of induction to define compound propositions; (i) is the
first step and (ii) is the inductive step. The induction is on the logical length, the structure of
the propositions. By the " logical length" of a proposition 𝐴, we mean a natural number
denoting the number, the kind and the order of appearance of the logical connectives used in
the construction of A, starting from the atomic propositions which constitute 𝐴. We do know
that the principle of mathematical induction holds for the natural numbers:

Definition 1.1.2:
If 𝑃(𝑎) denotes a property of a natural member 𝑎, and if we have:
(1) 𝑃(0), and
(2) for any natural number 𝑛, if 𝑃(𝑛) holds true then we can prove that 𝑃(𝑛 + 1) holds
true,
then we can conclude that for all the natural numbers 𝑛, 𝑃(𝑛) holds.

∎ 1.1.2

The well-ordering of the natural members (which means that every non-empty subset of the
natural numbers has a least element), together with the principle of induction, leads to a
second form of induction, called complete or course of values induction.

Definition 1.1.3: Complete Induction:
If 𝑃(𝑎) is a property of a natural number 𝑎, and if we have
(i)
(ii)

𝑃(0), and
For all the natural numbers 𝑚 and 𝑛, such that 𝑚 < 𝑛, we can derive 𝑃(𝑛) from
𝑃(𝑚),

then for all the natural numbers n, P(n) holds true.

∎ 1.1.3
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We used complete induction to give the inductive definition of propositions above (Definition
1.1.1), and will use it again to give the following definition.

Definition 1.1.4: General scheme of induction for propositions:
Let 𝑃 be any propositional property. We shall write 𝑃(𝜎) to mean that proposition 𝜎 has the
property 𝑃. If we prove that;
(a) 𝑃(𝐴) holds true for any atom 𝐴 of the language
(b) if 𝜎1 , 𝜎2 are propositions and 𝑃(𝜎1 ), 𝑃(𝜎2 ), then 𝑃((𝜎1 ∧ 𝜎2 )) , 𝑃((𝜎1 ∨ 𝜎2 )) ,
𝑃((𝜎1 → 𝜎2 )) , 𝑃((𝜎1 ↔ 𝜎2 )) , 𝑃((¬𝜎1 )) and 𝑃((¬𝜎2 ))
then we can conclude P(σ) for any proposition σ of the language.

∎ 1.1.4

Example 1.1.5:
(i)

The property P: “the number of left parentheses is equal to the number of right
parentheses” holds true for all propositions of PL.

Indeed, according to the general scheme of induction, we have:
(a) In the propositional symbols, the number of left and right parentheses is equal
to 0.
(b) If in the propositions 𝜎1 and 𝜎2 , the number of left parentheses is equal to the
number of right parentheses — let 𝑛 and 𝑚 be these numbers respectively for
𝜎1 and 𝜎2 — then in propositions (𝜎1 ∧ 𝜎2 ) , (𝜎1 ∨ 𝜎2 ) , (𝜎1 → 𝜎2 ) , (𝜎1 ↔
𝜎2 )) , (¬𝜎1 ) and (¬𝜎2 ) the number of left parentheses is equal to the number
of right parentheses, which is 𝑛 + 𝑚 + 1.

(ii)

The expression 𝐸 ∶ (¬(𝐴 ∧ 𝐵) → 𝐶) is a proposition.
The proof is based upon Definition 1.1.1.
step 1 :
𝐴 ∧ 𝐵 is a proposition by Definition 1.1.1 (ii)
step 2 : ¬(𝐴 ∧ 𝐵) is a proposition by Definition 1.1.1 (ii)
step 3 : 𝐶 is a proposition by Definition 1.1.1 (i)
step 4 : (¬(𝐴 ∧ 𝐵) → 𝐶) is a proposition by Definition 1.1.1 (ii)

(iii)

The expressions below are not propositions:
¬
∧→ 𝐴
(𝐴 ∧ 𝐵

: the symbol ‘¬ ' is not an atom
: the symbol ‘𝐴' is not a proposition
: there is a deficient use of parentheses

∎ 1.1.5
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Example 1.1.6: The proposition 𝐹 of our everyday speech is given:
𝐹 : “If it doesn’t rain, I will go for a walk
To formalize the above proposition in the context of PL, we can use auxiliary propositional
symbols:
𝐴 : “It's raining”
𝐵 : “I'm going for a walk”
Then F becomes ((¬𝐴) → 𝐵), which is a proposition.
If there is no risk of confusion whatsoever, the parentheses can be omitted:
F : ¬𝐴 → 𝐵

∎ 1.1.6

Each atom which occurs in a well-formed formula 𝐷 is considered a subformula of 𝐷. For
example, 𝐴 and 𝐵 are subformulae of 𝐹 in Example 1.1.6. Moreover, each compound wellformed part of 𝐷 is also a sub formula of 𝐷. For example, if
𝐷 : (𝐴 ∧ ¬𝐵) → [(𝐶 ∧ ¬𝐴) → 𝐵]
then ¬𝐴 , 𝐶 ∧ ¬𝐴 , 𝐴 ∨ ¬𝐵 as well as (𝐶 ∨ ¬𝐴) → 𝐵 are subformulae of 𝐷. Moreover, 𝐷
itself, i.e., (𝐴 ∧ ¬𝐵) → [(𝐶 ∧ ¬𝐴) → 𝐵] , is considered a subformula of 𝐷.
The set subform(𝜎) of all subformulae of the well-formed formula 𝜎 is given by the
following inductive definition:

Definition 1.1.7:
(1) if 𝜎 is an atom 𝐴, then subform(𝜎) = {𝐴}
(2) if 𝜎 has the form 𝑇, then subform(𝜎) = subform(𝑇) ∩ {𝜎}
(3) if 𝜎 has the form 𝜏 ∘ 𝜑, where ∘∈ {∨ , ∧ , → , ↔}, then subform(𝜎) = subform(𝜏) ∪
subform(𝜑) ∪ {𝜎}.
∎ 1.1.7

Remark 1.1.8: To avoid confusion by using connectives in formulae without parentheses, we
consider ¬ to bind more strongly than all the other connectives, ∨ and ∧ to bind more
strongly than ↔ and → , and ↔ to bind more strongly than → . Thus
¬𝐴 → 𝐵 ∨ 𝐶,

𝐴∧𝐵 →𝐶 ,

𝐴→𝐵↔𝐶

read respectively
(¬𝐴) → (𝐵 ∨ 𝐶),

(𝐴 ∧ 𝐵) → 𝐶 ,

𝐴 → (𝐵 ↔ 𝐶) ∎ 1.1.8

Remark 1.1.9: For historical reasons we will consider the symbol ← to be a logical
connective, “𝐵 ← 𝐴” meaning exactly the same as 𝐴 → 𝐵.
∎ 1.1.9
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1.2 Semantics: Truth Tables, Assignments, Valuations
As we choose our logic to be binary, every proposition has one of the following truth values:
Truth (𝑡)

False (𝑓)

We now provide the set {𝑡, 𝑓} of truth values with internal algebraic operations, so as to
transform it to an algebraic structure. The internal operators of 𝑡, 𝑓 which will be defined,
i.e., ∼ , ⊓ , ⊔ , ⇝ and ↭ , will correspond to the logical connectives ¬ , ∧ , ∨ , → and ↔.
The similarity of the corresponding symbols is not fortuitous, it outlines the correspondence.
Consider, for instance, the proposition 𝐴 ∨ 𝐵. By assigning certain truth values to 𝐴 and 𝐵,
we interpret 𝐴 ∨ 𝐵 using the interpretations of 𝐴 and 𝐵. The operation which does this is ⊔,
as we will see more clearly in the next definition.
Definition 1.2.1: The internal operations ∼ , ⊓ , ⊔ , ⇝ and ↭ of {𝑡, 𝑓} are
defined by the following tables.

𝑡
𝑓

∼
𝑓
𝑡

⊔ 𝑡 𝑓
𝑡 𝑡 𝑡
𝑓 𝑡 𝑓

⇝ 𝑡 𝑓
𝑡 𝑡 𝑓
𝑓 𝑡 𝑡

⊓ 𝑡 𝑓
𝑡 𝑡 𝑓
𝑓 𝑓 𝑓

↭ 𝑡 𝑓
𝑡 𝑡 𝑓
𝑓 𝑓 𝑡

In the tables defining , ⊓ , ⊔ , ⇝ and ↭ , the first column defines the first component and
the first row defines the second component of the corresponding operation.
∎ 1.2.1

The structure ({𝑡, 𝑓} , ∼ ,⊔ ,⊓) with the operations ∼ , ⊓ , ⊔ being defined by these tables, is
a two-valued Boolean Algebra.
Boolean Algebras are of great importance to PL semantics [Rasiowa 1970], [Curry 1963],
[Rasiowa 1974], [Rautenberg 1979] as well as to the general studies of the theoretical
foundation of computer science.
Note that :
➢ Disjunction is inclusive.
➢ There are other Logics which are used for ontologies (e.g. modal logics) which we
will examine later.
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➢ [{𝑡, 𝑓}, ¬, ∨, ∧] is a two-valued Boole Algebra where the three connectives are
internal operators .
Τhe 9 Axioms of Boole’s Algebra
Law-Property
𝐴⊔𝐴=𝐴
L1 Idempotent
𝐴⊔ 𝐵 =𝐵⊔ 𝐴
L2 Commutative
𝐴 ⊔ (𝐵 ⊔ 𝐶) = (𝐴 ⊔ 𝐵) ⊔ 𝐶
L3 Associative
Absorption
𝐴 ⊓ (𝐴 ⊔ 𝐵) = 𝐴
L4
𝐴 ⇝ 𝐵 ⟺ 𝐴 = 𝐴⊓ 𝐵
L5 Order
L6 Bounded, 𝑓, 𝑡 the 𝑓 ⊔ 𝐴 = 𝐴
L7
L8
L9

Universal Bounds
Complement
Orthocomplement
Distributivity

Property
L1
L2
L3
L4
L5
L6
L7
L8
L9

Formula

𝐴⊓𝐴=𝐴
𝐴⊓ 𝐵 =𝐵⊓ 𝐴
𝐴 ⊓ (𝐵 ⊓ 𝐶) = (𝐴 ⊓ 𝐵) ⊓ 𝐶
𝐴 ⊔ (𝐴 ⊓ 𝐵) = 𝐴
𝐴 ⇝ 𝐵 ⟺ 𝐴 = 𝐴⊓ 𝐵
𝑓⊓𝐴=𝑓
𝑡⊔𝐴 =𝑡
𝑡⊓𝐴 =𝐴
𝐴 ⊔ (¬𝐴) = 𝑡
A ∧ (⏋A) = O
𝐴¬(¬𝐴) = 𝐴
𝐴 ⊔ (𝐵 ⊓ 𝐶) = (𝐴 ⊔ 𝐵) ⊓ (𝐴 ⊔ 𝐶) 𝐴 ⊓ (𝐵 ⊔ 𝐶) = (𝐴 ⊓ 𝐵) ⊔ (𝐴 ⊓ 𝐶)

The terms corresponding to different properties
Lattice

Orthocomplemented Distributive
Lattice
Orthocomplemented
Bounded Complemented
Lattice
Lattice
Lattice
or
or
Boole’s Αlgebra
Quantum Logic
or
Classical Logic

We remark in passing that Quantum Logic is Boolean Logic without the Distributivity (L9)
as clarified for example by Jauch [Jauch 1973]. Quantum Logics underlie Quantum Networks
and Quantum Internet, as Kimble’s proposal [Kimble 2008]
Propositions, as we described them are purely syntactic objects, strings of symbols obeying
rules of a certain syntax.
We wish to give meaning to these syntactic objects by means of semantics because we are
interested in determining the conditions under which a proposition is “true” or “false”.
Suppose then that:
ℒ is the language of PL, 𝑄 is set of its atoms, 𝑆 is the set of its propositions
Propositions, according to Definition 1.1.1, are general and abstract syntactic objects. We
wish to interpret these abstract objects by means of semantics. This means that we are
interested in determining the conditions under which a proposition is true or false. We
therefore create a structure, the domain of which is {𝑡, 𝑓}, with 𝑡, 𝑓 denoting respectively the
truth values " truth" , and " falsehood" , and we try to assign one of these values to each
proposition. The method used in the allocation of the truth values, as well as the necessary
definitions, constitute the PL semantics.
14

A Truth Assignment is then a function: A: Q ↦ {T, F}

Definition 1.2.2: A truth assignment is any function
𝐹 ∶ 𝑄 ↦ {𝑡, 𝑓}
where 𝑄 is the set of the atoms of the language.

∎ 1.2.2

A valuation thus assigns truth values to the atoms of the language.

Definition 1.2.3: Let 𝑆 be the set of the propositions of our language. By truth
valuation or Boolean valuation we mean any function:
𝑉 : 𝑆 ⟼ {𝑡, 𝑓}
such that, for every 𝜎 , 𝜏 ∈ 𝑆:
(a)
(b)
(c)
(d)
(e)
(f)

if 𝜎 is an atom the 𝑉(𝜎) ∈ {𝑡, 𝑓}
𝑉(𝜎) = ∼ 𝑉(𝜎)
𝑉(𝜎 ∨ 𝜏) = 𝑉(𝜎) ⊔ 𝑉(𝜏)
𝑉(𝜎 ∧ 𝜏) = 𝑉(𝜎) ⊓ 𝑉(𝜏)
𝑉(𝜎 → 𝜏) = 𝑉(𝜎) ⇝ 𝑉(𝜏)
𝑉(𝜎 ↔ 𝜏) = 𝑉(𝜎) ↭ 𝑉(𝜏)

∎ 1.2.3

The valuation is an extension of the assignment
An assignment assigns a truth value, 𝑡 or 𝑓, to the atoms of the language. A truth valuation is
the extension of an assignment to the set of the propositions of the language. As proved in the
following theorem, each truth valuation extends uniquely to a valuation on the set of the
language's propositions.

Theorem 1.2.4: For each valuation 𝐹, these is one and only one truth valuation 𝑉 such that
𝑉 extends 𝐹.

Proof: We will use induction on the length of the propositions.
Let 𝐹 be a valuation and 𝑄 the set of the atoms. We define inductively a truth valuation 𝑉 in
the following way:
(a) 𝑉(𝐴) = 𝐹(𝐴) for every 𝐴 ∈ 𝑄
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Let 𝜎, 𝜑 be two propositions. If 𝑉(𝜎) and 𝑉(𝜑) are already defined by (a), we impose:
(b)
(c)
(d)
(e)
(f)

𝑉(¬𝜎) =∼ 𝑉(𝜎)
𝑉(𝜎 ∨ 𝜑) = 𝑉(𝜎) ⊔ 𝑉(𝜑)
𝑉(𝜎 ∧ 𝜑) = 𝑉(𝜎) ⊓ 𝑉(𝜑)
𝑉(𝜎 → 𝜑) = 𝑉(𝜎) ⇝ 𝑉(𝜑)
𝑉(𝜎 ↔ 𝜑) = 𝑉(𝜎) ↭ 𝑉(𝜑)

𝑉 is obviously a truth valuation extending 𝐹.
What is now left to prove is that if the truth valuations 𝑉1 and 𝑉2 are extensions of 𝐹, then
𝑉1 (𝜑) = 𝑉2 (𝜑) for any proposition 𝜑. The property 𝑃 used for the induction is:
𝑃(𝜑) : 𝑉1 (𝜑) = 𝑉2 (𝜑)

(a) For every propositional symbol 𝐴, we have 𝑉1 (𝐴) = 𝑉2 (𝐴) since 𝑉1 , 𝑉2 are
extensions of 𝐹.
(b) Let us suppose that 𝑉1 (𝜎) = 𝑉2 (𝜎) and 𝑉1 (𝜑) = 𝑉2 (𝜑), then
𝑉1 (¬𝜎) =∼ 𝑉1 (𝜎) =∼ 𝑉2 (𝜎) = 𝑉2 (¬𝜎)
𝑉1 (𝜎 ∧ 𝜑) = 𝑉1 (𝜎) ⊓ 𝑉1 (𝜑) = 𝑉2 (𝜎) ⊓ 𝑉2 (𝜑) = 𝑉2 (𝜎 ∧ 𝜑)
𝑉1 (𝜎 ∨ 𝜑) = 𝑉1 (𝜎) ⊔ 𝑉1 (𝜑) = 𝑉2 (𝜎) ⊔ 𝑉2 (𝜑) = 𝑉2 (𝜎 ∨ 𝜑)
Treating similarly the other conditions of Definition 2.3, we prove that 𝑉1 and 𝑉2 have the
same value for every proposition; they therefore coincide.
∎ 1.2.4

The next useful corollary is a direct consequence of Theorem 1.2.4:

Corollary 1.2.5: Let 𝜎 be a proposition containing only the atoms 𝐴1 , … , 𝐴𝑘 . If two truth
valuations take the same values in the set {𝐴1 , … , 𝐴𝑘 }, i.e.,
𝑉1 (𝐴1 ) = 𝑉2 (𝐴1 ) , … , 𝑉1 (𝐴𝑘 ) = 𝑉2 (𝐴𝑘 )
then 𝑉1 (𝜎) = 𝑉2 (𝜎)

∎ 1.2.5

Example 1.2.6: Calculation of a truth valuation from a valuation:
Let 𝑆 be the set of atomic propositions 𝑆 = {𝐴1 , 𝐴2 }, and F be a valuation such that:
𝐹(𝐴1 ) = 𝑡
𝐹(𝐴2 ) = 𝑓
By Theorem 2.4, the truth valuation 𝑉𝐹 extending 𝐹 which we are seeking is uniquely
defined.
Let us impose:
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𝑉𝐹 (𝐴1 ) ∶= 𝐹(𝐴1 )
𝑉𝐹 (𝐴2 ) ∶= 𝐹(𝐴2 )
where by “: =” is meant “equal by definition”.
We are now able to calculate the values of the truth valuation 𝑉𝐹 for any set of propositions
which contains only the atoms 𝐴1 and 𝐴2 :
𝑉𝐹 (𝐴1 ∧ 𝐴2 ) = 𝑉𝐹 (𝐴1 ) ⊓ 𝑉𝐹 (𝐴2 ) = 𝑡 ⊓ 𝑓 = 𝑓
𝑉𝐹 (𝐴1 ∨ 𝐴2 ) = 𝑉𝐹 (𝐴1 ) ⊔ 𝑉𝐹 (𝐴2 ) = 𝑡 ⊔ 𝑓 = 𝑡
𝑉𝐹 ((𝐴1 ∨ 𝐴2 ) → 𝐴2 ) = 𝑉𝐹 (𝐴1 ∨ 𝐴2 ) ⇝ 𝑉𝐹 (𝐴2 ) = 𝑡 ⇝ 𝑓 = 𝑓, etc.
∎ 1.2.6

Truth Tables

In the preceding section, we gave the definition of the valuation of the atoms of the language
and then, by extending the valuation from atoms to compound propositions, we denned truth
valuations. With this method, we wish to find out if a proposition is a tautology or a
contradiction, or if it is satisfiable. But the more compound a proposition gets, the more
complicated the method turns out to be.
To make things simpler, we gather all the possible valuations of a proposition's atoms in a
table called the proposition's truth table. And so, for the compound propositions ¬𝐴 , 𝐴 ∨ 𝐵 ,
𝐴 ∧ 𝐵 , 𝐴 → 𝐵 and 𝐴 ↔ 𝐵 , we have the following truth tables:

𝐴
𝑡
𝑡
𝑓
𝑓

𝐴 ¬𝐴
𝑡 𝑓
𝑓 𝑡

𝐴
𝑡
𝑡
𝑓
𝑓

𝐵
𝑡
𝑓
𝑡
𝑓

𝐴→𝐵
𝑡
𝑓
𝑡
𝑡

𝐵
𝑡
𝑓
𝑡
𝑓

𝐴∨𝐵
𝑡
𝑡
𝑡
𝑓

𝐴
𝑡
𝑡
𝑓
𝑓

𝐴
𝑡
𝑡
𝑓
𝑓

𝐵
𝑡
𝑓
𝑡
𝑓

𝐵
𝑡
𝑓
𝑡
𝑓

𝐴∨𝐵
𝑡
𝑓
𝑓
𝑓

𝐴↔𝐵
𝑡
𝑓
𝑓
𝑡

Each row in these tables corresponds to a valuation and its unique extension to a truth
valuation. For example, the second row of the table 𝐴 ∧ 𝐵 is 𝑡, 𝑓, 𝑓, according to which 𝐴
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takes value 𝑡, the first element of the row, and 𝐵 takes 𝑓, the second element of the row.
Based on Definition 1.2.1, as well as on Definition 1.2.3, we know that the corresponding
truth value of 𝐴 ∧ 𝐵 is 𝑡 ⊓ 𝑓, namely 𝑓 . We thus find 𝑓, the third element of the row.
From now on, we will use the above truth tables as definitions of the values resulting from
the use of logical connectives, without referring to valuations and truth valuations.

Remark 1.2.7:
(1) The PL disjunction is inclusive; that is 𝐴 ∨ 𝐵 can take value 𝑡 also when both 𝐴 and 𝐵
have value 𝑡, as opposed to the everyday speech disjunction which is often exclusive:
for instance, we say " I will stay home or I will go to the movies" , and by that we
mean choosing one of the options and not doing both.
(2) The proposition 𝐴 → 𝐵 takes value 𝑓 only if 𝐴 has value 𝑡 and 𝐵 and value 𝑓. Thus, if
𝐴 is 𝑓, 𝐴 → 𝐵 is 𝑡, whatever the value of 𝐵 is. These properties of → and
consequently the part of Propositional Logic which is based on these same properties,
have not always been accepted by all the logic schools.

Propositions that are true under all valuations are called tautologies.

Definition 1.2.8: A proposition 𝜎 of PL is logically true, or a tautology, if for every truth
valuation 𝑉, 𝑉(𝜎) = 𝑡 holds. This is denoted by ⊨ 𝜎. We shall write ⊭ 𝜎 to mean that 𝜎 is
not a tautology, i.e., that there exists a truth valuation 𝑉 such that 𝑉(𝜎) = 𝑓.
A proposition s is satisfiable or verifiable if there exists a truth valuation 𝑉 such that 𝑉(𝜎) =
𝑡.
A proposition 𝜎 such that, for every truth valuation , 𝑉(𝜎) = 𝑓, is called logically false, or
not verifiable, or is said to be a contradiction.
∎ 1.2.8

Remark 1.2.9: Based on Definition 1.2.9, we have:
(i) A proposition is a tautology if and only if its negation is not satisfiable.
(ii) A proposition is satisfiable if and only if its negation is not a tautology.
(iii)A proposition which is a tautology is satisfiable, whereas a satisfiable proposition is not
necessarily a tautology.
(iv) There are certain basic tautologies which are often used:
(1) ¬(𝐴 ∧ 𝐵) ↔ (¬𝐴 ∨ ¬𝐵)
De Morgan Law
(2) ¬(𝐴 ∨ 𝐵) ↔ (¬𝐴 ∧ ¬𝐵)
De Morgan Law
(3) ¬(¬𝐴) ↔ 𝐴 A
Double Negation Law
(4) (𝐴 → 𝐵) ↔ (¬𝐵 → ¬𝐴)
Contrapositive Law
(5) (𝐵 → 𝐶) → ((𝐴 → 𝐵) → (𝐴 → 𝐶))
First Syllogistic Law
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(6) (𝐴 → 𝐵) → ((𝐵 → 𝐶) → (𝐴 → 𝐶))
(7) (𝐴 → (𝐵 → 𝐶)) ↔ ((𝐴 ∧ 𝐵) → 𝐶)
(8) 𝐴 ∨ ¬𝐴

Second Syllogistic Law
Transportation Law
The Excluded Middle Law

Aristotle was the first to present propositions (5), (6) and (8). Propositions (5) and (6) are
even referred to as Aristotle's Syllogistic Laws.
∎1.2.9
The Aristotelian Logic was essentially propositional logic and was defined in the Classic
Organon in the books “On interpretation”, “Prior analytics”, “Posterior analytics”. Moreover,
the elementary Ontology based on Propositional Logic is clearly indicated in the book
“Categories”.

Remark 1.2.10: Let 𝑉 be a truth valuation, and
𝑆𝑉 = {𝜎 ∈ 𝑃𝐿 𝑝𝑟𝑜𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 | 𝑉(𝜎) = 𝑡}
be a set consisting of the propositions of our language satisfiable by 𝑉. If for every truth
valuation 𝑉, the proposition 𝜑 belongs to the corresponding set 𝑆𝑉 , then 𝜑 is a tautology.
Every 𝑆𝑉 set, with V being a truth valuation, constitutes a possible world [Fitting 1969],
[Chellas 1980] of the set of PL propositions. Every possible world is Aristotelian, meaning
that for every proposition 𝜎, only one from 𝜎, ¬𝜎 can be true in a certain possible world.
(𝑉(𝜎) = 𝑡 𝑜𝑟 𝑉(𝜎) = 𝑓, thus 𝑉(¬𝜎) = 𝑡 according to Aristotle’s principle of the Excluded
Middle, Remark 1.4.4.)
∎
1.2.10

Definition 1.2.11: Two propositions 𝜎 and 𝜏, such that 𝑉(𝜎) = 𝑉(𝜏) for every truth
valuation 𝑉, are said to be logically equivalent. This is denoted by 𝜎 ≡ 𝜏.
∎ 1.2.11

Example 1.2.12: The propositions 𝐴 ∨ ¬𝐴 and ((𝛢 → 𝛣) → 𝛢) → 𝛢 are tautologies.

Proof: First, we will prove that 𝐴 ∨ ¬𝐴 is a tautology. Let 𝑉1 and 𝑉2 be two truth valuations
such that:
𝑉1 (𝐴) = 𝑡 and 𝑉2 (𝐴) = 𝑓
We notice that:
𝑉1 (𝐴 ∨ ¬𝐴) = 𝑉1 (𝐴) ⊔ 𝑉1 (¬𝐴) = 𝑉1 (𝐴) ⊔ (∼ 𝑉1 (𝐴)) = 𝑡 ⊔ (∼ 𝑡) = 𝑡 ⊔ 𝑓 = 𝑡
𝑉2 (𝐴 ∨ ¬𝐴) = 𝑉2 (𝐴) ⊔ 𝑉2 (¬𝐴) = 𝑉2 (𝐴) ⊔ (∼ 𝑉2 (𝐴)) = 𝑓 ⊔ (∼ 𝑓) = 𝑓 ⊔ 𝑡 = 𝑡
A random truth valuation 𝑉 on 𝐴 agrees, either with 𝑉1 or with 𝑉2 .
Thus, based on Corollary 2.5, we have:
𝑉(𝐴 ∨ ¬𝐴) = 𝑉1 (𝐴 ∨ ¬𝐴) = 𝑡 ,

or
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𝑉(𝐴 ∨ ¬𝐴) = 𝑉1 (𝐴 ∨ ¬𝐴) = 𝑡
So, the proposition is true for any truth valuation 𝑉. Then it must be a tautology.
We will now prove that ((𝛢 → 𝛣) → 𝛢) → 𝛢 is a tautology. Here we have four different
valuations 𝐹1 , 𝐹2 , 𝐹3 , 𝐹4 on 𝑄 = {𝐴, 𝐵}
𝐹1 (𝐴) = 𝑡

and

𝐹1 (𝐵) = 𝑡

𝐹2 (𝐴) = 𝑡

and

𝐹2 (𝐵) = 𝑓

𝐹3 (𝐴) = 𝑓

and

𝐹3 (𝐵) = 𝑡

𝐹4 (𝐴) = 𝑓

and

𝐹4 (𝐵) = 𝑓

For each of these valuations there is a unique truth valuation 𝑉𝑘 , 𝑘 ∈ {1, 2, 3, 4}, extending it.
We can easily verify that:
𝑉𝑘 (((𝛢 → 𝛣) → 𝛢) → 𝛢) = 𝑡

for

𝑘 ∈ {1, 2, 3, 4}

Any truth valuation 𝑉 on the propositional symbols 𝐴 and 𝐵 agrees with one of the 𝑉𝑘 , 𝑘 ∈
{1, 2, 3, 4}. We thus have:
𝑉 (((𝛢 → 𝛣) → 𝛢) → 𝛢) = 𝑉𝑘 (((𝛢 → 𝛣) → 𝛢) → 𝛢) = 𝑡
for every 𝑘 ∈ {1, 2, 3, 4}.
Hence, the proposition ((𝛢 → 𝛣) → 𝛢) → 𝛢 is true for any truth valuation and consequently
it is a tautology.
∎ 1.2.12

Example 1.2.13: The proposition 𝐾 ≡ [[(¬𝐴 ∨ 𝐵) → 𝐶] ∨ 𝐷]is satisfiable.
Indeed, let 𝐹 be a valuation on the propositional symbols of 𝐾, such that:
𝐹(𝐴) = 𝑡

𝐹(𝐵) = 𝑡

𝐹(𝐶) = 𝑓

𝐹(𝐷) = 𝑓

The truth valuation extending 𝐹 takes the following values:
𝑉(𝐴) = 𝑡

𝑉(𝐵) = 𝑡

𝑉(𝐶) = 𝑓

𝑉(𝐷) = 𝑓

Then
𝑉(¬𝐴) =∼ 𝑉(𝐴) = 𝑓
𝑉(¬𝐴 ∧ 𝐵) = 𝑉(¬𝐴) ⊓ 𝑉(𝐵) = 𝑓 ⊓ 𝑡 = 𝑓
𝑉[(¬𝐴 ∧ 𝐵) → 𝐶] = 𝑉(¬𝐴 ∧ 𝐵) ⇝ 𝑉(𝐶) = 𝑓 ⇝ 𝑓 = 𝑡
𝑉[((¬𝐴 ∧ 𝐵) → 𝐶) ∨ 𝐷] = 𝑉[(¬𝐴 ∧ 𝐵) → 𝐶] ⊔ 𝑉(𝐷) = 𝑡 ⊔ 𝑓 = 𝑡
meaning that 𝑉(𝐾) = 𝑡.
Proposition 𝐾 is not a tautology:
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Let 𝐺 be a valuation, with
𝐺(𝐴) = 𝑓

𝐺(𝐵) = 𝑡

𝐺(𝐶) = 𝑓

𝐺(𝐷) = 𝑓

Let 𝐺′ be the truth valuation extending 𝐺. Using the same method used in proving that
𝑉(𝐾) = 𝑡, we can prove that 𝐺 ′ (𝐾) = 𝑓. Then by Definition 2.7, 𝐾 is not a tautology.
∎ 1.2.13

Checking for truth

In the preceding , we gave the definition of the valuation of the atoms of the language and
then, by extending the valuation from atoms to compound propositions, we denned truth
valuations. With this method, we wish to find out if a proposition is a tautology or a
contradiction, or if it is satisfiable. But the more compound a proposition gets, the more
complicated the method turns out to be.
Remark 1.2.14: Back in 1910-1920, the prevailing concept about applied sciences in Europe
was that of the Hilbert school (Hilbert 1862-1953) [Boyer 1980], [van Heijenoort 1967]:
“Mathematics and Logic must be aromatically founded, and the working methods
within the limits of these sciences have to be extremely formal.”
But in 1918, Brouwer (1881-1966) published a very severe criticism of PL. The alternative
system recommended in his work was called intuitionist logic. This name finds its origin in
the fact that Brouwer stated, based on Kant's belief, that we perceive the natural numbers
(and consequently the logic which characterizes the sciences) only by means of our intuition
[Dummet 1977], [Brouwer 1975]. Intuitionistic logic never fully replaced the logic founded
in Hilbert's concepts, however, nowadays it has several applications in Computer Science.
On the other hand, PL offers a very effective instrument (in the Aristotelian sense) for
studying and solving problems, and constitutes the foundation of today's technology and of
the sciences generally.
∎1.2.14

Let us recapitulate what we have seen about the truth tables of a proposition:
Based on the inductive definition of propositions as well as on the definition of the values of
the logical connectives, we can construct the truth table of any proposition by assigning
values to the atoms used in its formation.
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Example 1.2.15: The truth table of the proposition 𝐴 ∧ 𝐵 → 𝐶 is:
𝐴
𝑡
𝑡
𝑡
𝑡
𝑓
𝑓
𝑓
𝑓

𝐵
𝑡
𝑡
𝑓
𝑓
𝑡
𝑡
𝑓
𝑓

𝐶
𝑡
𝑓
𝑡
𝑓
𝑡
𝑓
𝑡
𝑓

𝐴∧𝐵
𝑡
𝑡
𝑓
𝑓
𝑓
𝑓
𝑓
𝑓

𝐴∧𝐵 →𝐶
𝑡
𝑓
𝑡
𝑡
𝑡
𝑡
𝑡
𝑡

For the triplet of atoms (𝐴, 𝐵, 𝐶) the triplet of truth values (𝑓, 𝑡, 𝑓) makes 𝐴 ∧ 𝐵 → 𝐶 true,
whereas the triplet (𝑡, 𝑡, 𝑓) makes it false.
∎1.2.15

The short truth table of the proposition 𝐴 ∧ 𝐵 → 𝐶 is the truth table remaining when the
fourth auxiliary column is omitted.
The short truth table of a proposition containing 𝑛 atoms consists of 2𝑛 rows and 𝑛 + 1
columns.
By means of the truth tables, we can determine whether a proposition is true or false. By
Corollary 1.2.5, if the truth tables of two propositions coincide in the columns of their atom's
values and in their last columns, then the two propositions are logically equivalent.

Example 1.2.16:
(1) The proposition ((𝐴 → 𝐵) → 𝐴) → 𝐴 is a tautology
𝐴
𝑡
𝑡
𝑓
𝑓

𝐵
𝑡
𝑓
𝑡
𝑓

𝐴→𝐵
𝑡
𝑓
𝑡
𝑡

((𝐴 → 𝐵) → 𝐴)
𝑡
𝑡
𝑓
𝑓

((𝐴 → 𝐵) → 𝐴) → 𝐴
𝑡
𝑡
𝑡
𝑡

(2) The proposition (𝑃 → 𝑄) ∧ (𝑃 ∧ ¬𝑄) is not verifiable
𝑃
𝑡
𝑡
𝑓
𝑓

𝑄
𝑡
𝑓
𝑡
𝑓

¬𝑄
𝑓
𝑡
𝑓
𝑡

𝑃→𝑄
𝑡
𝑓
𝑡
𝑡

𝑃 ∧ ¬𝑄
𝑓
𝑡
𝑓
𝑓

(𝑃 → 𝑄) ∧ (𝑃 ∧ ¬𝑄)
𝑓
𝑓
𝑓
𝑓
∎1.2.16
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1.3 Consequences and Interpretations
We can now define what it means for a proposition 𝜎 to be a consequence of a set of
propositions 𝑆. This is denoted as S ⊩ σ.

Definition 1.3.1: Let 𝑆 be a set of propositions. A proposition 𝜎 is called a consequence of 𝑆
(denoted by 𝑆 ⊨ 𝜎), if for every truth valuation 𝑉, for which 𝑉(𝜑) = 𝑡 for any 𝜑 ∈ 𝑆, we can
deduce that 𝑉(𝜎) = 𝑡 holds.
The set 𝐶𝑜𝑛(𝑆) = {𝜎|𝑆 ⊨ 𝜎} is the set of all consequences of S. Formally:
𝜎 ∈ 𝐶𝑜𝑛𝑠(𝑆) ⇔ (for every truth valuation 𝑉)
(for every 𝜑 ∈ 𝑆)
(𝑉(𝜑) = 𝑡 ⇒ 𝑉(𝜎) = 𝑡)
Instead of (for every 𝜑 ∈ 𝑆) (𝑉(𝜑) = 𝑡) we often write 𝑉[𝑆] = {𝑡} or even informally 𝑉[𝑆] =
𝑡.
∎ 1.3.1

Remark 1.3.2: The symbols “ ⇔ ” and “ ⇒ ” used in the above definitions as “if and only if”
and “implies” are symbols of the metalanguage. The metalanguage is the language used to
reason about PL formulae and to investigate their properties. Therefore, when we for instance
say ⊨ 𝜑, proposition 𝜑 is a tautology, we express a judgement about 𝜑. “ ⊨ 𝜑 ”is a
metaproposition of PL, namely a proposition of the PL metalanguage.
The metalanguage can also be formalized, just like the PL language. In order to avoid
excessive and pedantic use of symbols, like for example → of the language and ⇒ of the
metalanguage, we use as metalanguage, a carefully and precisely formulated form of the
spoken language.
We will end our comment about the metalanguage with another example: Let 𝐴 be a
proposition of PL. Then the expression “ → 𝐴 ” is a PL proposition, whereas “if 𝐴 is a PL
proposition, the 𝐴 is a PL proposition” is a proposition of the PL metalanguage. ∎ 1.3.2

Definition 1.3.3: A set of propositions 𝑆 is (semantically) consistent, if there is a truth
valuation to verify every proposition in S. Formally:
consistent(𝑆) ⇔ (there is a valuation 𝑉) [(for every 𝜎 ∈ 𝑆) (𝑉(𝜎) = 𝑡)]
The fact that S is consistent is denoted by V(S) = t.
For the consistent set 𝑆, we also use the terms verifiable or satisfiable which have the same
import.
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𝑆 is correspondingly inconsistent, non-verifiable or non-satisfiable if for every truth
valuation there is at least one non-satisfiable proposition in S.
inconsistent(𝑆) ⇔ (for every 𝑉) [(there is 𝜎 ∈ 𝑆) (𝑉(𝜎) = 𝑓)]

∎ 1.3.3

In the context of propositional logic, valuations are also called interpretations or a models
or possible worlds.

Definition 1.3.4: A truth valuation which satisfies a set of propositions 𝑆 is called an
interpretation of 𝑆. The set of all interpretations of 𝑆 is denoted by (𝑆) , where:
𝐼𝑛𝑡(𝑆) = {𝑉 | 𝑉 truth valuation and for every 𝜎 ∈ 𝑆, 𝑉(𝜎) = 𝑡}

∎ 1.3.4

Note also that :
-

Tautologies are true in all worlds
Contradictions are true in none

In general a proposition is true in some worlds and false in others.

We can begin to see now how this simple concept of logical consequence can, when
transferred to ontologies, help infer new knowledge from already acquired one.

Remark 1.3.5: The symbols “ ⇔ ” and “ ⇒ ” used in the above definitions as “if and only if”
and “implies” are symbols of the metalanguage. The metalanguage is the language used to
reason about PL formulae and to investigate their properties. Therefore, when we for instance
say ⊨ 𝜑, proposition 𝜑 is a tautology, we express a judgment about 𝜑. “ ⊨ 𝜑 ”is a
metaproposition of PL, namely a proposition of the PL metalanguage.
The metalanguage can also be formalized, just like the PL language. In order to avoid
excessive and pedantic use of symbols, like for example → of the language and ⇒ of the
metalanguage, we use as metalanguage, a carefully and precisely formulated form of the
spoken language.
We will end our comment about the metalanguage with another example: Let 𝐴 be a
proposition of PL. Then the expression “ → 𝐴 ” is a PL proposition, whereas “if 𝐴 is a PL
proposition, the 𝐴 is a PL proposition” is a proposition of the PL metalanguage. ∎ 1.3.5

Example 1.3.6: Let 𝑆 = {𝐴 ∧ 𝐵, 𝐵 → 𝐶} be a set of propositions. Then proposition 𝐶 is a
consequence of 𝑆, i.e., 𝑆 ⊨ 𝐶.

Proof: Let us suppose that 𝑉 is a truth valuation validating all 𝑆 propositions:
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𝑉(𝐴 ∧ 𝐵) = 𝑡

and

𝑉(𝐵 → 𝐶) = 𝑡

Then we have, by Definition 1.3.3:
𝑉(𝐴) ⊓ 𝑉(𝐵) = 𝑡

(1)

and

𝑉(𝐵 → 𝐶) = 𝑡

(2)

Then by (1) and Definition 1.2.1 we have

𝑉(𝐴) = 𝑉(𝐵) = 𝑡

(3)

𝑡 ⇝ 𝑉(𝐶) = 𝑡

(4)

(2) thus becomes

By Definition 1.3.1 and (4) we can conclude 𝑉(𝐶) = 𝑡. That means that every truth valuation
verifying all S propositions, verifies 𝐶 too. 𝐶 is therefore a consequence of 𝑆 , 𝑆 ⊨ 𝐶. ∎ 1.3.6

If we denote by 𝑇𝑎𝑢𝑡 the set of all tautologies, we can prove the following corollary.

Corollary 1.3.7: (∅) = 𝑇𝑎𝑢𝑡 , where ∅ is the empty set.

Proof: Consider ∈ 𝑇𝑎𝑢𝑡 . Then for every truth valuation 𝑉, 𝑉(𝜎) = 𝑡. Then for every truth
valuation 𝑉 such that 𝑉[∅] = {𝑡},
𝑉[∅] = {𝑡} ⇒ 𝑉(𝜎) = 𝑡
Then 𝜎 ∈ 𝐶𝑜𝑛(∅).
Conversely: Consider 𝜎 ∈ 𝐶𝑜𝑛(∅). Then for every truth valuation 𝑉 we have:
For every 𝜑 ∈ ∅, if 𝑉(𝜑) = 𝑡 then 𝑉(𝜎) = 𝑡

(1)

But ∅ has no elements. We can thus write:
For every 𝜑 ∈ ∅, if 𝑉(𝜑) = 𝑓 then 𝑉(𝜎) = 𝑡

(2)

By (1) and (2) we have 𝑉(𝜎) = 𝑡, whatever the value of 𝜑 ∈ ∅. This means that for all truth
valuations 𝑉, 𝑉(𝜎) = 𝑡 holds. 𝜎 is thus a tautology.
∎ 1.3.7
Thus tautologies are not consequences of any particular set 𝑆, they are independent from 𝑆,
for every set 𝑆 of propositions, and they are only related to the truth tables of section 1.3.
The underlined parts in the proof of corollary 1.3.7 reveal three very technical parts of the
proof. The empty set has no elements. How can we therefore write the implications with the
underlinings? Let us think of the third and fourth line of the definition of the truth table of
proposition 𝐴 → 𝐵 (see page 17). If 𝐴 has value 𝑓 and 𝐵 value 𝑡 or value 𝑓, then 𝐴 → 𝐵 is 𝑡.
This means that an implication 𝐴 → 𝐵, with 𝐴 being false, is always true! This is exactly
what we use in the metalanguage, the language in which our theorems are proved. In (1) for
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example, “𝜑 ∈ ∅” cannot be true because ∅ has no elements. Not depending on whether
“𝑉(𝜑) = 𝑡 then 𝑉(𝜎) = 𝑡” is true or false, (1) is thus true!
As mentioned before, PL deals with the study of sets of propositions. The following two
definitions are related to the satisfiability of a set of propositions.

Definition 1.3.8: A set of propositions 𝑆 is (semantically) consistent, if there is a truth
valuation to verify every proposition in S. Formally:
consistent(𝑆) ⇔ (there is a valuation 𝑉) [(for every 𝜎 ∈ 𝑆) (𝑉(𝜎) = 𝑡)]
The fact that S is consistent is denoted by V(S) = t.
For the consistent set 𝑆, we also use the terms verifiable or satisfiable which have the same
import.
𝑆 is correspondingly inconsistent, non-verifiable or non-satisfiable if for every truth
valuation there is at least one non-satisfiable proposition in S.
inconsistent(𝑆) ⇔ (for every 𝑉) [(there is 𝜎 ∈ 𝑆) (𝑉(𝜎) = 𝑓)]
∎ 1.3.8
Example 1.3.9: The set of propositions 𝑆 = {𝐴 ∧ ¬𝐵, 𝐴 → 𝐵} is inconsistent.

Proof:
Let us assume there is a truth valuation V such that:
for every 𝐶 ∈ 𝑆, 𝑉(𝐶) = 𝑡
Then:
𝑉(𝐴 ∧ ¬𝐵) = 𝑡

and

𝑉(𝐴 → 𝐵) = 𝑡

which means that:
𝑉(𝐴) ⊓ 𝑉(¬𝐵) = 𝑡

(1)

and

𝑉(𝐴) ⇝ 𝑉(𝐵) = 𝑡

(2)

By (1) and Definition 1.3.2, we have 𝑉(𝐴) = 𝑉(¬𝐵) = 𝑓, so:
𝑉(𝐴) = 𝑡

and

𝑉(𝐵) = 𝑓

Then (2) becomes:
𝑡⇝𝑓=𝑡
which contradicts Definition 1.3.1, where 𝑡 ⇝ 𝑓 = 𝑓. Consequently, no truth valuation can
verify all propositions in 𝑆, and so 𝑆 is inconsistent.
∎ 1.3.9

Definition 1.3.10: A truth valuation which satisfies a set of propositions 𝑆 is called an
interpretation of 𝑆. The set of all interpretations of 𝑆 is denoted by (𝑆) , where:
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𝐼𝑛𝑡(𝑆) = {𝑉 | 𝑉 truth valuation and for every 𝜎 ∈ 𝑆, 𝑉(𝜎) = 𝑡}

∎1.3.10

We now present a corollary with some useful conclusions about consequences and
interpretations.

Corollary 1.3.11: For the sets of propositions 𝑆, 𝑆1 , 𝑆2 we have:
(1) 𝑆1 ⊆ 𝑆2 ⇒ 𝐶𝑜𝑛(𝑆1 ) ⊆ 𝐶𝑜𝑛(𝑆2 )
(2) 𝑆 ⊆ 𝐶𝑜𝑛(𝑆)
(3) 𝑇𝑎𝑢𝑡 ⊆ 𝐶𝑜𝑛(𝑆), for any set of propositions 𝑆
(4) 𝐶𝑜𝑛(𝑆) = 𝐶𝑜𝑛(𝐶𝑜𝑛(𝑆))
(5) 𝑆1 ⊆ 𝑆2 ⇒ 𝐼𝑛𝑡(𝑆1 ) ⊆ 𝐼𝑛𝑡(𝑆2 )
(6) 𝐶𝑜𝑛(𝑆) = {𝜎 | 𝑉(𝜎) = 𝑡 , for every 𝑉 ∈ 𝐼𝑛𝑡(𝑆)}
(7) 𝜑 ∈ 𝐶𝑜𝑛({𝜎1 , … , 𝜎𝑛 }) ⇔ 𝜎1 → (𝜎2 → ⋯ (𝜎𝑛 → 𝜑) … ) ∈ 𝑇𝑎𝑢𝑡

Proof:
(1) Let us assume 𝜎 ∈ 𝐶𝑜𝑛(𝑆1 ). Let 𝑉 be a truth valuation such that for every 𝜑 ∈ 𝑆2 ,
𝑉(𝜑) = 𝑡 holds. We thus have 𝑉(𝜑) = 𝑡 for every 𝜑 ∈ 𝑆1 , (since 𝑆1 ⊆ 𝑆2 ). Then 𝑉(𝜎) =
𝑡, since 𝜎 ∈ 𝐶𝑜𝑛(𝑆1 ). Hence 𝐶𝑜𝑛(𝑆1 ) = 𝐶𝑜𝑛(𝑆2 )
(2) If 𝜎 ∈ 𝑆, then every truth valuation 𝑉 which validates all the propositions of 𝑆 also
validates 𝜎. Thus 𝜎 ∈ 𝐶𝑜𝑛(𝑆). But then 𝑆 ⊆ 𝐶𝑜𝑛(𝑆).
(3) Let us assume that 𝜎 ∈ 𝑇𝑎𝑢𝑡. Let 𝑉 be a truth valuation such that, for every 𝜑 ∈ 𝑆,
𝑉(𝜑) = 𝑡 holds. Then 𝑉(𝜎) = 𝑡, thus 𝜎 ∈ 𝐶𝑜𝑛(𝑆). Hence 𝑇𝑎𝑢𝑡 ⊆ 𝐶𝑜𝑛(𝑆).
(4) By (2), we have 𝑆 ⊆ 𝐶𝑜𝑛(𝑆). By (1), 𝐶𝑜𝑛(𝑆) ⊆ 𝐶𝑜𝑛(𝐶𝑜𝑛(𝑆)). We just need to prove
𝐶𝑜𝑛(𝐶𝑜𝑛(𝑆)) ⊆ 𝐶𝑜𝑛(𝑆)
Let us assume that 𝜎 ∈ 𝐶𝑜𝑛(𝐶𝑜𝑛(𝑆)). Let 𝑉 be a truth valuation such that for every
𝜑 ∈ 𝑆, 𝑉(𝜑) = 𝑡. Then for every 𝜏 ∈ 𝐶𝑜𝑛(𝑆), 𝑉(𝜏) = 𝑡. By the definition of
𝐶𝑜𝑛(𝐶𝑜𝑛(𝑆)), we thus have 𝑉(𝜎) = 𝑡 which means that 𝜎 ∈ 𝐶𝑜𝑛(𝑆). Hence
𝐶𝑜𝑛(𝐶𝑜𝑛(𝑆)) ⊆ 𝐶𝑜𝑛(𝑆).
(5) If 𝑉 ∈ 𝐼𝑛𝑡(𝑆), then for every 𝜎 ∈ 𝑆2 we have 𝑉(𝜎) = 𝑡. Since 𝑆1 ⊆ 𝑆2 , for every 𝜎 ∈ 𝑆1 ,
𝑉(𝜎) = 𝑡 holds, and hence 𝑉 ∈ 𝐼𝑛𝑡(𝑆1 ).
(6) If 𝜎 ∈ 𝐶𝑜𝑛(𝑆), then for every 𝑉 ∈ 𝐼𝑛𝑡(𝑆), 𝑉(𝜎) = 𝑡. Then
𝜎 ∈ {𝜑 | 𝑉(𝜑) = 𝑡, for every 𝑉 ∈ 𝐼𝑛𝑡(𝑆)}
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Furthermore, if
𝜑 ∈ {𝜎 | 𝑉(𝜎) = 𝑡, for every 𝑉 ∈ 𝐼𝑛𝑡(𝑆)}
then it is obvious that 𝜑 ∈ 𝐶𝑜𝑛(𝑆).
(7) (⇒) Let us assume that 𝜑 ∈ 𝐶𝑜𝑛({𝜎1 , … , 𝜎𝑛 }). Let 𝑉 be a truth valuation. For 𝑉 we have
the following possibilities:
(a) For each 𝜎𝑖 , 1 ≤ 𝑖 ≤ 𝑛, 𝑉(𝜎𝑖 ) = 𝑡
(b) There is at least one 𝜎𝑗 , 1 ≤ 𝑗 ≤ 𝑛, such that 𝑉(𝜎𝑗 ) = 𝑓
We shall analyze these to cases separately.
(a) Since for every 𝜎𝑖 , with 1 ≤ 𝑖 ≤ 𝑛,
𝑉(𝜎𝑖 ) = 𝑡

and

𝜑 ∈ 𝐶𝑜𝑛({𝜎1 , … , 𝜎𝑛 })

we have 𝑉(𝜑) = 𝑡. Thus
𝑉(𝜎𝑛 → 𝜑) = 𝑉(𝜎𝑛 ) ⇝ 𝑉(𝜑) = 𝑡 ⇝ 𝑡 = 𝑡
If 𝑉(𝜎𝜅 → (𝜎𝜅+1 → ⋯ (𝜎𝑛 → 𝜑) … )) , then
𝑉 (𝜎𝜅−1 → (𝜎𝜅 → (𝜎𝜅+1 → ⋯ (𝜎𝑛 → 𝜑) … )))
= 𝑉(𝜎𝜅−1 ) ⇝ 𝑉(𝜎𝜅 → (𝜎𝜅+1 → ⋯ (𝜎𝑛 → 𝜑) … ))
=𝑡⇝𝑡=𝑡
Hence (inductively), 𝑉(𝜎1 → (𝜎2 → ⋯ (𝜎𝑛 → 𝜑) … )) = 𝑡.
(b) Let 𝑟 be the least natural number for which 𝑉(𝜎𝜏 ) = 𝑓. Thus
𝑉(𝜎𝑟 → (𝜎𝑟+1 → ⋯ (𝜎𝑛 → 𝜑) … ))
= 𝑉(𝜎𝑟 ) ⇝ 𝑉(𝜎𝑟+1 → ⋯ (𝜎𝑛 → 𝜑) … )
= 𝑓 ⇝ 𝑉(𝜎𝜅+1 → ⋯ (𝜎𝑛 → 𝜑) … ) = 𝑡
Since 𝑉(𝜎𝑟−1 ) = 𝑡, we have
𝑉(𝜎𝑟−1 → (𝜎𝑟 → ⋯ (𝜎𝑛 → 𝜑) … ))
= 𝑉(𝜎𝑟−1 ) ⇝ 𝑉(𝜎𝑟 → ⋯ (𝜎𝑛 → 𝜑) … )
=𝑡⇝𝑡=𝑡
If 𝑉(𝜎𝑘 → (𝜎𝑘+1 → ⋯ (𝜎𝑟 → ⋯ (𝜎𝑛 → 𝜑) … ) … )) = 𝑡 then
𝑉 (𝜎𝑘−1 → (𝜎𝑘 → (𝜎𝑘+1 → ⋯ (𝜎𝑟 → ⋯ (𝜎𝑛 → 𝜑) … ) … )))
= 𝑉(𝜎𝑘−1 ) ⇝ 𝑉(𝜎𝑘 → (𝜎𝑘+1 → ⋯ (𝜎𝑟 → ⋯ (𝜎𝑛 → 𝜑) … ) … ))
=𝑡⇝𝑡=𝑡
Hence 𝑉(𝜎1 → (𝜎2 → ⋯ (𝜎𝑛 → 𝜑) … )) = 𝑡.
In (a) as well as in (b), we have: 𝑉(𝜎1 → (𝜎2 → ⋯ (𝜎𝑛 → 𝜑) … )) = 𝑡 for any truth
valuation 𝑉, and hence 𝜎1 → (𝜎2 → ⋯ (𝜎𝑛 → 𝜑) … ) is a tautology.
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(⇐) Let us assume that 𝜎1 → (𝜎2 → ⋯ (𝜎𝑛 → 𝜑) … ) is a tautology. Let 𝑉 be a truth
valuation such that 𝑉(𝜎𝑖 ) = 𝑡 for every 𝑖 ∈ {1, 2, … , 𝑛}. If we assume that 𝑉(𝜑) = 𝑓,
then
𝑉(𝜎𝑛 → 𝜑) = 𝑉(𝜎𝑛 ) ⇝ 𝑉(𝜑) = 𝑡 ⇝ 𝑓 = 𝑓.
Therefore, if 𝑉(𝜎𝑘 → (𝜎𝑘+1 → ⋯ (𝜎𝑛 → 𝜑) … )) = 𝑓 , then
𝑉 (𝜎𝑘−1 → (𝜎𝑘 → (𝜎𝑘+1 → ⋯ (𝜎𝑛 → 𝜑) … )))
= 𝑉(𝜎𝑘−1 ) ⇝ 𝑉(𝜎𝑘 → (𝜎𝑘+1 → ⋯ (𝜎𝑛 → 𝜑) … )) = 𝑡 ⇝ 𝑓 = 𝑓.
Hence 𝑉(𝜎1 → (𝜎2 → ⋯ (𝜎𝑛 → 𝜑) … )) = 𝑓 is a contradiction because of the assumption
that 𝜎1 → (𝜎2 → ⋯ (𝜎𝑛 → 𝜑) … ) is a tautology.
∎ 1.3.11

Corollary 1.3.11 (7) provides us with a method to determine whether 𝜑 is a consequence of a
finite set of propositions 𝑆, by checking in 2𝑛 steps if the right side of (7) is a tautology.
However, for an infinite set 𝑆, this method would require an infinite number of steps. The use
of semantic tableaux becomes, in that case, more appropriate.

1.4 Axioms and Proofs
Up till now, the only way to check whether e.g. a proposition is a tautology is to check
whether it is true in all possible worlds which is not cumbersome but possibly … endless.
The concept of “proof” from a set of axioms using certain derivation proofs can lead us to
algorithmic procedures that can be followed to find whether a proposition is or is not a
tautology or whether a proposition is a consequence of a set of others.

Definition 1.4.1: The Axioms
We regard as an axiom any proposition of the following form;
(1) 𝜑 → (𝜏 → 𝜑)
(2) (𝜑 → (𝜏 → 𝜎)) → ((𝜑 → 𝜏) → (𝜑 → 𝜎))
(3) (¬𝜑 → ¬𝜏) → (𝜏 → 𝜑)
Notice that propositions 𝜑, 𝜏 and 𝜎 can be replaced by just any propositions. We thus have
axiomatic schemes (or schemes of axioms), leading to an unlimited number of axioms. One
can easily verify that all these axioms are well-formed PL formulae and, of course,
tautologies.
∎ 1.4.1
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Definition 1.4.2: The Modus Ponens rule:
We only use one derivation rule, the rule of Modus Ponens, which states that proposition 𝜏
can be derived from propositions 𝜑 and 𝜑 → 𝜏. Modus Ponens (mode according to Diogenes
Laertius [Hicks R. D. 1925]) is denoted by:
𝜑
𝜑→𝜏

(1)

𝜏
or even with
𝜑, 𝜑 → 𝜏 ⊢ 𝜏

(2)
∎ 1.4.2

This simple and elegant rule was first “formalized” by Zeno and Diogenes Laertios.
In (1), which is a characteristic definition of a logical rule, the horizontal line separates the
hypothesis from the conclusion. In (2), the symbol “⊢” denotes derivation through the
axiomatic system. We consider the three axioms of Definition 1.8.1 as formulae derived in our
axiomatic system. New propositions are also produced by means of these three axioms and the
Modus Ponens rule. The following example shows how axioms and Modus Ponens can be
applied for the derivation of the PL formula 𝐴 → 𝐴.

Definition 1.4.3: Let 𝑆 be a set of propositions.
(1) A proof from 𝑆 is a finite sequence of propositions such that for every 1 ≤ 𝑖 ≤ 𝑛:
(i) 𝜎𝑖 belongs to 𝑆, or
(ii) 𝜎𝑖 is an axiom, or
(iii) 𝜎𝑖 follows from 𝜎𝑗 , 𝜎𝑘 , 1 ≤ 𝑗, 𝑘 ≤ 𝑖, by application of Modus Ponens.
(2) A proposition s is 𝑆-provable from a set 𝑆 of propositions, if there is a proof 𝜎1 , … , 𝜎𝑛
from 𝑆, such that 𝜎𝑛 coincides with 𝜎. Formally, we write 𝑆 ⊢ 𝜎.
(3) Proposition 𝜎 is provable if ⊢ 𝜎, that is to say if 𝜎 is derived in the axiomatic system of
Definition 1.8.1 with the use of Modus Ponens. Obviously, the concept of the 𝑆-provable
proposition coincides with the concept of the provable proposition for 𝑆 = ∅. ∎ 1.4.3
In simple words a proof , as a formal syntactic object , is nothing more than a sequence of
propositions where each one of these is either an axiom or it follows by a simple application
of MP to two earlier members of the sequence.
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Example 1.4.4: Prove that ⊢ 𝐴 → 𝐴.

Proof:
⊢ 𝐴 → ((𝐵 → 𝐴) → 𝐴)

(1)

by the first axiom. However, by the second axiom we have
⊢ (𝐴 → ((𝐵 → 𝐴) → 𝐴)) → [((𝐴 → (𝐵 → 𝐴)) → (𝐴 → 𝐴))]

(2)

By (1) and (2) and Modus Ponens, we have
⊢ (𝐴 → (𝐵 → 𝐴)) → (𝐴 → 𝐴)

(3)

But ⊢ (𝐴 → (𝐵 → 𝐴)) by the first axiom, and then with the Modus Ponens rule, (3) leads to
⊢ 𝐴 → 𝐴. Then proposition 𝐴 → 𝐴 is derived in our axiomatic system.
∎ 1.4.4

Example 1.4.5: We give the proof of ¬𝐵 → (𝐶 → 𝐴) from 𝑆 = {𝐴}
(1) 𝐴
(2) 𝐴 → (𝐶 → 𝐴)
(3) (𝐶 → 𝐴)
(4) (𝐶 → 𝐴) → (¬𝐵 → (𝐶 → 𝐴))
(5) ¬𝐵 → (𝐶 → 𝐴)

𝐴∈𝑆
axiom 1
Modus Ponens on (1) and (2)
axiom 1
Modus Ponens on (3) and (4)
∎ 1.4.5

The “Holy Grail” for any axiomatic system is that it is complete and correct in the common
sense that it allows to prove all true statements but never a false one.
We can prove that this is indeed the case for Propositional Logic [Metakides et al., 1996].

Theorem 1.4.6: 𝜎 is provable from a set 𝑆 of propositions if and only if s is a consequence of
S. Formally:
𝑆⊢𝜎⇔𝑆⊨𝜎

Corollary 1.4.7: 𝜎 is provable from 𝑆 = ∅ ⇔ 𝜎 is logically true.

∎ 1.4.6

∎ 1.4.7
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1.5 Proofs by “Semantic Tableaux”
The axiomatic proof method we just introduced is indeed complete and correct but not
exactly algorithmic in nature. It demands (hopefully intelligent) guessing as to which axioms
to use and when.
The (provably equivalent) method of “Semantic Tableaux” first introduced by Gentzen in
1934 [Gentzen 1934] and fully developed in 1955 by Beth and Hintikka [Beth 1968] creates
an actual “algorithm” for determining whether a proposition is a tautology or not.
These methods are included in Automatic Theory proving which constitutes a basic
application of Logic Programming [Lloyd 1987].
The semantic tableau of a compound proposition 𝐾 is constructed inductively, based on the
semantic tableaux of the propositions appearing in 𝐾. We thus start by defining atomic
semantic tableaux [Smullyan 1968], [Fitting 1990]:

Definition 1.5.1:
(1) Let 𝜎 be a proposition. 𝑓𝜎 denotes the assertion “𝜎 is false” and 𝑡𝜎 denotes the assertion
that “𝜎 is true”. 𝑡𝜎 and 𝑓𝜎 are called signed formulae.
(2) According to the inductive definition of propositions, the atomic semantic tableaux for
propositions 𝐴, 𝜎1 , 𝜎2 and for the propositions formed by 𝐴, 𝜎1 and 𝜎2 are as in the
following table.

1a

1b
𝑡𝐴

3a

2a

3b
𝑡(⏋𝜎)
|
𝑓(𝜎)

5a

4a

4b

6a
𝑓(𝜎1 → 𝜎2 )
|
𝑡𝜎1
|
𝑡𝜎2

𝑓(𝜎1 ∧ 𝜎2 )
/ \
𝑓𝜎1 𝑓𝜎2

𝑡(𝜎1 ∨ 𝜎2 )
/ \
𝑡(𝜎1 ) 𝑡(𝜎2 )

𝑓(⏋𝜎)
|
𝑡(𝜎)

5b
𝑡(𝜎1 → 𝜎2 )
/ \
𝑓𝜎1 𝑡𝜎2

2b
𝑡(𝜎1 ∧ 𝜎2 )
|
𝑡𝜎1
|
𝑡𝜎2

𝑓𝐴

𝑓(𝜎1 ∨ 𝜎2 )
|
𝑓(𝜎1 )
|
𝑓(𝜎2 )
6b

𝑡(𝜎1 ↔ 𝜎2 )
/ \
𝑡𝜎1 𝑓𝜎1
|
|
𝑡𝜎2 𝑓𝜎2

𝑓(𝜎1 ↔ 𝜎2 )
/ \
𝑡𝜎1 𝑓𝜎1
|
|
𝑓𝜎2 𝑡𝜎2
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Intuitively, the signed formula 𝑡𝐴 or 𝑓𝐴 is regarded as the assertion that 𝐴 is respectively true
or false. In the atomic semantic tableau (4a), the assertion that 𝜎1 ∨ 𝜎2 is true thus requires 𝜎1
to be true or 𝜎2 to be true (branching), whereas in the tableaux (5b), the assertion that 𝜎1 →
𝜎2 is false requires 𝜎1 to be true and 𝜎2 to be false (sequence). That means that in an atomic
semantic tableaux, a branching denotes a disjunction whereas a sequence stands for a
conjunction.
∎ 1.5.1

Example 1.5.2: Let 𝐾 :(𝐴 ∧ ¬𝐴) ∨ (𝐵 ∨ (𝐶 ∧ 𝐷)) be a proposition. The atoms of 𝐾 are 𝐴, 𝐵,
𝐶 and 𝐷. We start the semantic tableau with origin 𝑡𝐾
𝑡 ((𝐴 ∧ ¬𝐴) ∨ (𝐵 ∨ (𝐶 ∧ 𝐷)))
4𝑎

4𝑎

𝑡(𝐵 ∨ (𝐶 ∧ 𝐷))

𝑡(𝐴 ∧ ¬𝐴)
4𝑎
2𝑎

𝑡𝐴

𝑡𝐵

4𝑎

𝑡(𝐶 ∧ 𝐷)

𝜅2

𝑡(¬𝐴)

𝑡𝐶

3𝑎

𝑓𝐴

𝑡𝐷
𝜅3

⨂
𝜅1

This is a complete semantic tableau with three branches, namely three sequences 𝜅1 , 𝜅2 and
𝜅3 . The branches start from the origin. The left branch, 𝜅1 , is contradictory since it contains
the mutually contradictory signed formulae 𝑡𝐴 and 𝑓𝐴. The contradiction of a branch is
denoted by the symbol ⨂ at the bottom of the branch. The other two branches are not
contradictory.

By means of the semantic tableau of 𝐾, we see that the 𝑡𝐾 hypothesis is correct under certain
conditions, such as for instance 𝑡𝐵 in the branch 𝜅2 or 𝑡𝐷 in the branch 𝜅3 . It is however
sometimes false, as in branch 𝜅1 .
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It is easy to set apart the constituent atomic semantic tableaux from the above semantic
tableau. For example:
𝑡(𝐴 ∧ ¬𝐴)

𝑡𝐴

𝑡(¬𝐴)

∎ 1.5.2

in the dotted area is the semantic tableau 2a.

Example 1.5.3: Peirce's Law ((𝐴 → 𝐵) → 𝐴) → 𝐴
(1) We start with file assertion that ((𝐴 → 𝐵) → 𝐴) → 𝐴 is false:
𝑓 (((𝐴 → 𝐵) → 𝐴) → 𝐴)

𝑡((𝐴 → 𝐵) → 𝐴)

𝑓𝐴

𝑡𝐴

𝑓(𝐴 → 𝐵)

⊗

𝑡𝐴

𝑓𝐵

⊗
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The claim that Peirce's Law is false has led us to a contradictory semantic tableau,
therefore the corresponding formula is true.

(2) If we start with the assertion that the proposition is true, the conclusion still remains
the same:
𝑡 (((𝐴 → 𝐵) → 𝐴) → 𝐴)

𝑡𝐴

𝑓((𝐴 → 𝐵) → 𝐴)

𝑡(𝐴 → 𝐵)

𝑓𝐴

𝑓𝐴

𝑡𝐵

We observe that there is no contradictory branch. Then, if 𝑓𝐴 or 𝑡𝐵 and 𝑓𝐴 or ,
((𝐴 → 𝐵) → 𝐴) → 𝐴 becomes true. Even if 𝑓𝐵, then 𝑡𝐴 or 𝑓𝐴 holds. Hence Peirce's Law is
logically true.
∎
1.5.3

Intuitively:
If a complete semantic tableau with an 𝑓𝐾 origin is found to be contradictory, that
means that we have tried all possible ways to make proposition K false and we have
failed. Then 𝐾 is a tautology.

Truth tables, of course, are also algorithmic (though not … economical) but they fail to
generalize to full First Order Logic while the tableaux method does !
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Example 1.5.4: Let us assume that the following propositions are true:
(1) George loves Maria or George loves Catherine.
(2) If George loves Maria, then he loves Catherine.
Who does George finally love?
Let us denote “George loves Maria” by 𝑀 and “George loves Catherine” by 𝐾. Then, (1) ≡
𝑀 ∨ 𝐾 and (2) ≡ 𝑀 → 𝐾 ≡ ¬𝑀 ∨ 𝐾. We form the proposition 𝐴 ≡ (𝑀 ∨ 𝐾) ∧ (¬𝑀 ∨ 𝐾) ≡
(1) ∧ (2) which is by hypothesis true. We wish to know if George loves Catherine, or
equivalently, whether 𝑡𝐾. Let us suppose that he does not love her, that 𝑓𝐾. We then
construct a semantic tableau with an 𝑓𝐾 origin.
𝑓𝐾

𝑡((𝑀 ∨ 𝐾) ∧ (¬𝑀 ∨ 𝐾))

𝑡(𝑀 ∨ 𝐾)

𝑡(¬𝑀 ∨ 𝐾)

𝑓𝑀

𝑡𝐾

𝑡𝑀

𝑡𝐾

𝑡𝑀

𝑡𝐾

⊗

⊗

⊗

⊗

In step 2 we added 𝑡((𝑀 ∨ 𝐾) ∧ (¬𝑀 ∨ 𝐾)), since (1) and (2) are given to be true. Starting
with 𝑡𝐾, we finish with a contradictory tableau, which means that proposition 𝐾 is always
true, in other words George loves Catherine!!!
If we construct a semantic tableau with an 𝑓𝑀 origin, we will end up with a noncontradictory tableau, and thus we will not be able to conclude whether George loves Maria
or not!!
∎ 1.5.4
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1.6 Modal Logic – Possible Worlds

The Aristotelian Propositional Logic we have seen so far deals strictly with categorical
statements which are either true or false without being concerned with potentiality or time. If
we want the ontologies we build to reflect real life better, we need to go a bit further.
Suppose for example that I make the statement “I am dead”. Assuming I utter it in your
presence, you will conclude, rightly, that the statement is false. However, the same statement
will be true sometime in the future.
If instead I make the statement “I am 100 years old” you will conclude, hopefully, that the
statement is false just as with the previous one. But, in contrast with the previous one, this is
unlikely to become true ever although this cannot be completely ruled out ! It is only
potentially true.
It is still true that each proposition is either true or false at any given time but its truth value
may change with time. This was understood and in fact developed further by Avicenna
during the Islamic Golden Age circa 1000 A.D.
To take this sort of necessity, potentiality and time into account, Modal Logics were
developed and they turn out to be very useful in the development of ontologies in the guise
for example of so called Description Logics as we shall later see.
Formally presented by Lewis in his 1910 Harvard thesis, modal semantics were developed in
the late fifties and sixties by Saul Kripke (as a Harvard undergraduate!).
Possible worlds are the basic concept of Kripke semantics. Kripke semantics is used in the
studies of Modal Logic. Modal Logic contains special symbols — besides the logical
connectives — called modal operators, such as ◊ for instance, that widen the expressive
capacity of the language. Thus in a modal language, besides the expression ◊ A, there is also
the expression □ A, which can be interpreted as “sometimes A is true” , or “A will be valid in
the future”.
□ : It is necessary that
◊ : It is possible that
Whether a proposition is necessarily true or just possibly true depends on which kind of
“world” we test its truth or falsity.
Consider for example the proposition “Donkeys can fly”. This is false in the one world as we
know it but cannot be ruled out in another world with different gravity conditions and
somewhat different asinine anatomical features the proposition could be true.
Modal logic allows us to express the specific properties of the statement of a program which
are related to the place, the ordering, of the statement within the program. For example,
consider the following FORTRAN program which calculates 𝑛! for 1 ≤ 𝑛 ≤ 10.
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k=1
do 10 i = 1, … , 10
k=k*i
10 write (*,*)k
end
Let 𝐴 and 𝐵 be the propositions of the modal logic
𝐴 ≔write(*,*)k

and

𝐵 ≔ end

When the program starts running, ◊ A and □ B are valid, which means that the program will
find 𝑛! at some point in the future and that at another future moment the program will end.
Let us see now the bare elements of how can these concepts be further developed.
We introduce first the notion of accessibility where certain worlds are accessible from others:
Accessibility: Certain worlds are accessible from others
𝑤1 ⊩◊ 𝑃 iff ∃𝑤 accessible from 𝑤1 such that 𝑤 ⊩ 𝑃
𝑤1 ⊩ □𝑃 iff ∀𝑤 accessible from 𝑤1 , 𝑤 ⊩ 𝑃
Intuitively, a proposition 𝑃 is possibly true in a world 𝑤1 if there is another world 𝑤 which
can be accessed from 𝑤1 such that 𝑃 is true in 𝑤.
Similarly, a proposition 𝑃 is necessarily true in a world 𝑤1 if it is true in every world that
can be accessed from 𝑤1 .

The Accessibility Relation is key!
There are many Modal Logic systems depending on what sort of restrictions we put on the
Accessibility relation starting with no restrictions at all. The names given to these systems (K,
TM, B, S4, S5) are historical. K for example was so named in honor of Saul Kripke. We list
them below followed by some typical consequences which are in fact provable theorems.

K

No restrictions on the Accessibility Relation (AR)
Consequences:

□(A → B) → (□A → □B)
□(A ∧ B) ↔ (□A ∧ □B)
□P ↔ ⏋ ◊ ⏋P
◊ P ↔ ⏋□⏋P

T

The AR is reflexive
□A → A

(M)

A →◊ A
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B

The AR is reflexive and symmetric
A→□◊A

S4

The AR is reflexive and transitive
□A → □□A
◊◊ A →◊ A

S5

The AR is reflexive, symmetric and transitive
◊A→□◊A
◊ □A → □A

Remark 1.6.1:
1. Description Logic which played such an important role in the development of
ontologies is just a syntactic variant (ALC as a syntactic variant of K) of Modal Logic
although it was developed independently by Computer Scientists that were not
necessarily aware of the earlier Modal Logic “arsenal” at the time. This strengthens
our conviction that a young researcher working on ontology department could benefit
greatly by having some contact with selected elements of Mathematical Logic such as
the ones presented here.
2. To get an intuitive grasp of Modal Logic systems, let us take a look at the last where
the accessibility relation is reflexive, symmetric and transitive. Such a relation is an
equivalence relation which partitions its “domain” of possible worlds into non
intersecting subsets. Each subset consists of worlds which are all mutually reachable
or accessible while the worlds belonging to different subsets is not accessible from
each other
Examine now the two consequences (theorems) listed under S5 thinking about what
happens to the truth or falsity of a proposition within a single equivalence class.
3. As Peirce [Peirce 1882] envisioned, Logics and Languages are represented as Graphs
[Dau 2003].
∎ 1.6.1

Temporal Logic

Temporal Logic is a special case of Modal Logic where we view time as a sequence of states
so that possible worlds are in fact possible next states.
The reader familiar with Turing Machines can envisage a machine/program running on the
discrete squares of an infinite tape which then is in a specific state of each moment of time t.
Then in this particular Modal Logic known as Linear Temporal Logic (LTL).
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◊P : There is a future state in the computation such that P is true in that stage
□P : P is true at all future states off the computation.
Here we have another case where a mathematical concept originally developed by logicians
(Modal Logic) was then taken up and developed further (LTL) by Computer Scientists (e.g.
Manna and Pruelli) as it proved essential in the development of formal verification
techniques
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Chapter 2: Predicate Logic (First Order Logic - FOL)

2.1 Introduction
Even though the PL language is quite rich, it only allows a limited formulation of properties
and relations. Let us take as an example the following proposition in the English language:

𝑆:

“If George is human, then George is mortal”

If 𝐴 denotes the proposition
“George is human”

and 𝐵 denotes
“George is mortal”

then, within the PL context, 𝑆 becomes:

𝑆:𝐴→𝐵

𝑆 expresses certain qualities of a particular person, namely George. The following question
arises: how can we express similar properties of other people such as Socrates or Peter for
example? One solution would be to introduce as many propositional symbols as there are
different people! However this is impossible in practice.
In this chapter we will describe the language of Predicate Logic which provides a solution to
such problems. The new element of this language is the introduction of variables and
quantifiers.

41

The Variables

If we consider the proposition 𝑆 and if we assume that 𝑥 is a variable which takes values from
the set of the names of all the people, for instance
𝑥 = George

or

𝑥 = John

or

𝑥 = …

and if “Human” and “Mortal” are symbols denoting properties, then we can represent the
general relation between these properties by:
𝑃 : Human(𝑥) → Mortal(𝑥)

Such representations as “Human(𝑥)” or “Mortal(𝑥)” which express general relations as
properties are called predicates. A formula is a representation like 𝑃 consisting of predicates
connected by logical connectives.
The substitution of the variable 𝑥 by the constant “George” converts 𝑃 into the formula
𝑆 : Human(George) → Mortal(George)
Furthermore, if the variable 𝑥 takes the value “Socrates” , the result will consist of a new
formula representing the relation between Socrates and the property of being mortal. “John”,
“George” and “Peter” are constants in our new formal language.
In general, the correspondence between the variables and the constants on the one hand and
the symbols of the English language on the other can be intuitively represented by:
English Language

Formal Language
⟼
⟼

pronoun
proper name

variable
constant

The special symbols “Human” and “Mortal” are called predicate symbols. Predicates can
refer to more than one variable, thus expressing not only properties but also relations between
many objects. For example, if the variables 𝑥 and 𝑦 take values from the set of integers and if
we introduce the predicate 𝐼, “greater” we can express one of the fundamental relations of
the integers:
𝐼(𝑋, 𝑌) : greater(𝑥, 𝑦)
which is interpreted as “𝑥 is greater that 𝑦” .
If, in the above expression, we replace 𝑥 by 5 and 𝑦 by 3, we obviously have a particular
version of 𝐼:
𝐼(5, 3) : greater(5, 3)
which holds true for the integers.
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The Quantifiers

The introduction of variables results in the change of the validity of a formula. Consider for
example the formula
𝑄(𝑥, 𝑦) : flight_X 𝐴(𝑥, 𝑦)
which is interpreted as
𝑋 Airlines flight connecting the cities 𝑥 and 𝑦
The validity of this formula is only partial, since there may not be for instance, an 𝑋 Airlines
flight from New York to New Delhi. Conversely, the formula
𝑃(𝑥) : Human(𝑥) → Mortal(𝑥)
has a universal validity, it holds true for every variable 𝑥.
In Predicate Logic, PrL for short, the general or partial validity is denoted by two special
symbols, the quantifiers; we thus use a universal quantifier and an existential one, denoted
respectively by ∀ and ∃. Hence the initial formula 𝑃 becomes:
𝑃(𝑥) : (∀𝑥)(Human(𝑥) → Mortal(𝑥))
and 𝑄 becomes
𝑄(𝑥, 𝑦) : (∃(𝑥, 𝑦)) flight_X 𝐴(𝑥, 𝑦)

2.2 Language of Predicate Logic
We can now formally introduce the Language of FOL.
We will now give the formal description of a language of PrL, [Church 1956], [Curry 1963],
[Delahaye 1987], [Hamilton 1978], [Kleene 1952], [Mendelson 1964], [Meta8]5, [Smullyan
1968].

Definition 2.2.1: A PrL language consists of the following fundamental symbols:
(I) Logical Symbols
(i) Variables
𝑥, 𝑦, 𝑧, … , 𝑥0 , 𝑦0 , 𝑧0 , … , 𝑥𝑖 , …
(ii) Logical Connectives ∧, ∨, ¬, →, ↔
(iii)Comma, parentheses , ( )
(iv) Quantifiers ∀, ∃
(II) Specific symbols
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(i) Predicate symbols 𝑃, 𝑄, 𝑅, … , 𝑃0 , 𝑄0 , 𝑅0 , … , 𝑃1 , …
(ii) Symbols of constants 𝑎, 𝑏, … , 𝑎0 , 𝑏0 , … , 𝑎1 , … , 𝑎2 , …
(iii)Symbols of functions 𝑓, 𝑔, 𝑓0 , 𝑔0 , 𝑓1 , …

∎ 2.2.1

The number of different variables occurring in a predicate symbol is the degree or arity of
the predicate. For example, 𝑄(𝑥, 𝑦, 𝑧) is a predicate of degree 3 or a 3-ary predicate.
Each quantifier is dual to the other one: ∀ is equivalent to the sequence of
symbols ¬∃¬ and ∃ is equivalent to ¬∀¬. For the formula (∀𝑥)𝑄(𝑥) we have for instance:
(∀𝑥)𝑄(𝑥) ↔ ¬(∃𝑥)¬𝑄(𝑥)
Each language of PrL, i.e., each set of special symbols contains all logical symbols. Thus, in
order to determine a language, a definition of its special symbols suffices.

Example 2.2.2: ℒ𝐴 = (=, ≤, +,∗ ,0,1) is a language for arithmetic.
= and ≤ are 2-ary predicate symbols:
= (𝑥, 𝑦) reads “𝑥 = 𝑦”, and ≤ (𝑥, 𝑦) denotes “𝑥 ≤ 𝑦”.
+ and ∗ are 3-ary predicates:
+(𝑥, 𝑦, 𝑧) reads “𝑥 + 𝑦 = 𝑧” , and ∗ (𝑥, 𝑦, 𝑧) reads “𝑥 ∗ 𝑦 = 𝑧”.
0 and 1 are symbols of constants.

∎ 2.2.2

Definition 2.2.3: A term is inductively defined by:
A constant is a term.
A variable is a term.
If 𝑓 is a 𝑛-ary function and 𝑡1 , … , 𝑡𝑛 are terms then 𝑓(𝑡1 , … , 𝑡𝑛 ) is a term.

∎ 2.2.3

Definition 2.2.4: An atomic formula or atom is every sequence of symbols
𝑃(𝑡1 , … , 𝑡𝑛 ) where 𝑃 is an 𝑛-ary predicate symbol and 𝑡𝑖 is a term, for every 𝑖 = 1, 2, … , 𝑛
∎ 2.2.4

Definition 2.2.5: A formula is inductively defined by:
(i) Every atom is a formula.
(ii) If 𝜎1 , 𝜎2 are formulae then (𝜎1 ∧ 𝜎2 ), (𝜎1 ∨ 𝜎2 ), (𝜎1 → 𝜎2 ), (¬𝜎1 ) and (𝜎1 ↔ 𝜎2 ))
are also formulae.
(iii)If 𝑣 is a variable and 𝜑 is a formula then (( ∃𝑣)𝜑), (( ∀𝑣)𝜑) are also formulae.
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Only the sequences of symbols formed according to (i), (ii) and (iii) are formulae.
∎ 2.2.5

Example 2.2.6: The following expressions are formulae
(i)
(ii)

𝜑1 : (∀𝑦)(∃𝑥)[𝑃(𝑥, 𝑓(𝑦)) ∨ 𝑄(𝑥)]
𝜑2 : (∀𝑥)(∃𝑦)[𝑃(𝑥) ∨ 𝑄(𝑥, 𝑦) → ¬(𝑅(𝑥))]

∎ 2.2.6

Example 2.2.7: Here are several formulae of the language ℒ𝐴 in Example 2.2.2.
(1) (∀𝑥)(𝑥 = 𝑥)
(2) (∀𝑥)(∀𝑦)(𝑥 = 𝑦 → 𝑦 = 𝑥)
(3) (∀𝑥)(∀𝑦)(∀𝑣)[(𝑥 = 𝑦 ∧ 𝑦 = 𝑣) → 𝑥 = 𝑣]
(∀𝑥)(𝑥 ≤ 𝑥)

= is reflexive
= is symmetric
= is transitive
≤ is reflective

∎ 2.2.7

Definition 2.2.8:
(i)
(ii)

A subsequence 𝑡1 of symbols of a term 𝑡, such that 𝑡1 is a term, is a subterm of 𝑡.
A subsequence 𝜑1 of symbols of a formula 𝜑, such that 𝜑1 is a formula, is a
subformula of 𝜑.
∎ 2.2.8

Example 2.2.9:
If 𝑓(𝑥, 𝑦) is a term, then 𝑥, 𝑦 and 𝑓(𝑥, 𝑦) are subterms of 𝑓(𝑥, 𝑦).
𝑃(𝑥), ¬𝑅(𝑥), 𝑅(𝑥), 𝑃(𝑥) ∨ 𝑄(𝑥, 𝑦) are subformulae of the formula 𝜑2 of Example 2.2.6.
∎ 2.2.9

Remark 2.2.10: In the PL chapter, we only examined the propositions according to their
construction based on simple, atomic propositions and logical connectives. We thus assumed
that atomic propositions did not require further analysis. Predicate Logic however deals with
a more general concept, the atomic formulate. What we assume here is that the atomic
formulae consist of predicates and that every 𝑛-ary predicate 𝑃(𝑡1 , … , 𝑡𝑛 ) expresses a relation
between the terms 𝑡1 , … , 𝑡𝑛 .
∎ 2.2.10

Definition 2.2.11: Bound and Free Occurrences of Variables:
An occurrence of a variable 𝑣 in a formula 𝜑 is said to be bound if there is a subformula 𝜓 of
𝜑 which contains this occurrence and begins with (∀𝑣) or (∃𝑣).
An occurrence of a variable 𝑣 in a formula is said to be free if it is not bound.

∎ 2.2.11
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Definition 2.2.12: Free and Bound Variables:
A variable 𝑣 occurring in a formula 𝜑 is said to be free if it has at least one free occurrence in
𝜑. 𝑣 is said to be bound if it is not free.
∎ 2.2.12

Example 2.2.13: In Example 2.2.6, the variable 𝑥 has a free occurrence in the subformula
𝜑′ : (∃𝑦)[𝑃(𝑥) ∨ 𝑄(𝑥, 𝑦) → ¬(𝑅(𝑥))]
of 𝜑2 but it is bound in the formula 𝜑2 itself. Hence 𝑥 is free for 𝜑′ (since it has at least one
free occurrence), but it is bound for 𝜑2 .
∎ 2.2.13

Definition 2.2.14: A term with no variables is called a ground term.

∎ 2.2.14

Example 2.2.15: If 𝑎, 𝑏 arc constants and if 𝑓 is a function symbol, then 𝑎, 𝑏, 𝑓(𝑎, 𝑏),
𝑓(𝑓(𝑎), 𝑏), … are ground terms.
∎ 2.2.15

Definition 2.2.16: A sentence or closed formula is a formula with no free variables.
∎ 2.2.16

According to the previous definition, in order to form a closed formula from a given one, we
have to bind all its free variables with quantifiers.

Example 2.2.17: From the formula (𝑥, 𝑦) : (𝑥 + 𝑦 = 𝑥 ∗ 𝑦) we can form the closed formula
𝜎(𝑥, 𝑦) : (∀𝑥)(∃𝑦)(𝑥 + 𝑦 = 𝑥 ∗ 𝑦)

∎ 2.2.17

Another way to form propositions is to substitute free occurrences of variables by constants.
In general, we have for the substitution [Fitting 1990];

Definition 2.2.18: A substitution set, or simply substitution, is a set:
𝜃 = {𝑥1 /𝑡1 , 𝑥2 /𝑡2 , … , 𝑥𝑛 /𝑡𝑛 }
where 𝑥𝑖 and 𝑡𝑖 , 1 ≤ 𝑖 ≤ 𝑛, are correspondingly variables and terms such that if 𝑥𝑖 = 𝑥𝑗 , then
𝑡𝑖 = 𝑡𝑗 , 𝑖 ≤ 𝑗 ≤ 𝑛.
If 𝜑 is an expression (atom, term of formula) then 𝜑𝜃 denotes the expression resulting from
the substitution of occurrences of 𝑥1 , … , 𝑥𝑛 in 𝜑 by the corresponding terms 𝑡1 , … , 𝑡𝑛 .
The empty substitution is denoted by 𝐸, in other words 𝐸 = { }.

∎ 2.2.18
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Example 2.2.19: If we use the substitution 𝜃 = {𝑥/2 , 𝑦/2} on the formula:
𝛫 : 𝜑(𝑥, 𝑦)
of the previous example, we can form the formula:
𝐾𝜃 : (2 + 2 = 2 ∗ 2)

∎ 2.2.19

Example 2.2.20: Let us consider the formula:
𝜑(𝑥, 𝑦, 𝑧) : (∃𝑦)𝑅(𝑥, 𝑦) ∧ (¬𝑄(𝑥, 𝑧))
and the ground term 𝑓(𝑎, 𝑏). If we apply the substitution {𝑥/𝑓(𝑎, 𝑏)} on 𝜑(𝑥, 𝑦, 𝑧) we form
the proposition:
𝜑(𝑓(𝑎, 𝑏), 𝑦, 𝑧) : (∃𝑦)𝑅(𝑓(𝑎, 𝑏), 𝑦) ∧ (∀𝑧)(¬𝑄(𝑓(𝑎, 𝑏), 𝑧))

∎ 2.2.20
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2.3 Axioms and Proofs of FOL
In section 1.7 of the first chapter, we axiomatized Propositional Logic by means of an
axiomatic system consisting of three axioms and a rule. Predicate Logic can be similarly
axiomatized [Delahaye 1987], [Hamilton 1978], [Kleene 1952], [Mendelson 1964], [Rasiowa
1974], [Rasiowa 1970]. Let us first give an auxiliary definition:
Definition 2.3.1: A variable 𝑥 is free for the term 𝑡 in the formula 𝜎, formally free(𝑥, 𝑡, 𝜎), if
none of the free variables of 𝑡 becomes bound after the substitution of 𝑥 by 𝑡 in all free
occurrences of 𝑥 in 𝜎.
∎ 2.3.1

Example 2.3.2: Assume : (∀𝑥)𝑃(𝑥, 𝑦). Then 𝑥 is not free for the term 𝑦 in 𝜎, since, after
the substitution 𝑥/𝑦 in the free occurrences of 𝑥, the variable 𝑦 of the term 𝑦 is bound.
Conversely, 𝑥 is free for the term 𝑧 in 𝜎, where 𝑧 is a different variable from 𝑦, since, after
the substitution 𝑥/𝑧 in 𝜎, the variables of 𝑧, namely 𝑧, are not bound. Furthermore, 𝑦 is free
for 𝑦 in 𝜎! (𝜎 does not contain free occurrences of 𝜎).
∎ 2.3.2

Definition 2.3.3: For all formulae 𝜑, 𝜏 , 𝜎 of PrL, the axioms of PrL are:
(1)
(2)
(3)
(4)

𝜑 → (𝜏 → 𝜑)
(𝜑 → (𝜏 → 𝜎)) → ((𝜑 → 𝜏) → (𝜑 → 𝜎))
(¬𝜑 → ¬𝜏) → (𝜏 → 𝜑)
If free(𝑥, 𝑡, 𝜑), then the formula
(∀𝑥)𝜑 → 𝜑(𝑥/𝑡)

is an axiom.
(5) If 𝑥 is not free in the formula 𝜑, then the formula
(∀𝑥)(𝜑 → 𝜏) → (𝜑 → (∀𝑥)𝜏)
is an axiom.
Just as in PL, the symbol ⊢ denotes formulae derivation in the PrL axiomatic system. This
axiom system contains two rules:
Modus Ponens : 𝜑, 𝜑 → 𝜏 ⊢ 𝜏
Generalization: 𝜑 ⊢ (∀𝑥)𝜑

∎ 2.3.3

We define again, probably as:

Definition 2.3.4:
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(i) If 𝑆 is a set of formulae, possibly empty, and if 𝐴 is a formula of PrL, a proof of 𝐴
from 𝑆, denoted by 𝑆 ⊢ 𝐴, is a finite sequence of formulae 𝐵1 , … , 𝐵𝑘 of PrL, where
every 𝐵𝑖 , 1 ≤ 𝑖 ≤ 𝑘, is either an axiom, or belongs to 𝑆, or follows from certain 𝐵𝑗 ,
𝐵_𝑙, 1 ≤ 𝑗, 𝑙 ≤ 𝑖, using the rule of Modus Ponens or the rule of generalization.
(ii) A is provable from 𝑆 if there exists a proof of 𝐴 from 𝑆.
(iii)A is provable if there exists a proof of 𝐴 from the empty set.
∎ 2.3.4

In PrL, the theorem of deduction is of great interest. The application of the corresponding PL
theorem, that is Theorem 1.8.7, to PrL formulae may lead to unexpected results:
Let us assume that we know that there are rich people:
𝑟𝑖𝑐ℎ(𝑥)
There, by the rule of generalization, we have:
𝑟𝑖𝑐ℎ(𝑥) ⊢ (∀𝑥)𝑟𝑖𝑐ℎ(𝑥)
And by the “corresponding” PrL deduction theorem we conclude:
𝑟𝑖𝑐ℎ(𝑥) → (∀𝑥)𝑟𝑖𝑐ℎ(𝑥)
In other words, the existence of rich people implies that all people are rich which, of course,
does not correspond to reality! Therefore, in order to produce correct conclusions, the
deduction theorem must include limitations on the use of the rule of generalization.

Theorem 2.3.5: Deduction Theorem
If S is a set of PrL formulae, 𝐴, 𝐵 PrL formulae such that 𝑆 ∪ {𝐴} ⊢ 𝐵, and if the rule of
generalization has lot been used in the derivation of 𝐵 from 𝑆 ∪ {𝐴} on a free variable
occurring in 𝐴, then 𝑆 ⊢ 𝐴 → 𝐵.
∎ 2.3.5

By the rule of Modus Ponens, the converse obviously holds. Then:
𝑆 ⊢ 𝐴 → 𝐵 ⇔ 𝑆 ∪ {𝐴} ⊢ 𝐵
So far, we proceeded in the development of FOL following the same conceptual steps as we
had done earlier for PL. This takes care of the syntax. For the semantics we have to
generalize the notion of interpretation transcending the simple valuations used in PL.
We wish to interpret, that is to assign truth values to FOL sentences. The basic elements of
these sentences are terms consisting of variables and constants. So first we form a set of
objects which constitutes an interpretation of the terms involved in the sentence. We can then
define the semantics for the predicates and sentences of FOL.
As we will see in the next paragraph the semantics of FOL are clearly more complex than the
semantics of PL but also capable to produce more powerful ontologies!
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2.4 Interpretations of Predicate Logic
Within the context of PL, the finding of the truth value of a compound proposition was based
on the concept of valuation. By assigning truth values to the atomic formulae of a given
proposition A, we determined inductively the truth value of 𝐴.
In the following, we will generalize the concept of interpretation on which we will ground
the development of methods of finding the truth value of a PrL sentence.

Interpretations: an Informal Description

We wish to interpret, that is to assign truth values to PrL sentences. The basic elements of
these sentences are terms, namely variables and constants. Therefore we first need to interpret
terms by forming a set of objects which constitutes an interpretation of the terms of the
sentence. We then can define the truth values of the predicates and the sentences of the
language.
Hence, the semantics of PrL are clearly more complex than the semantics of PL. In order to
understand fully the concepts which will now be introduced, we will give a few examples.

Example 2.4.1: Assume the language
ℒ = {𝑄, 𝑎}
where 𝑄 is a predicate and 𝑎 is a constant, and the sentence of this language:
𝑆 : (∃𝑥)(∀𝑦)𝑄(𝑥, 𝑦)
Every interpretation of the above language has to determine a set of objects, the elements of
which have to correspond to the symbols of ℒ and assign truth values to the sentences of the
languages. We will take ℕ, the set of natural numbers, as the set of objects. We can now
define the interpretation as a structure:
𝒜 = (ℕ, ≤ ,1)
where:
ℕ : the set of natural numbers
≤ : the relation " less than or equal to" in N
1 : the natural number 1
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Based on the interpretation 𝒜, we assign the following correspondences to the symbols of ℒ:
the symbol 𝑄 corresponds to the relation ≤ in ℕ.
the symbol 𝑎 corresponds to the natural number 1.

The variables of 𝑆, 𝑥 and 𝑦, take values from ℕ. Then the following is the obvious meaning
of 𝑆 in relation to 𝐴:
𝑆 : “There exists a natural number 𝑥 such that,
for every natural number 𝑦, 𝑥 ≤ 𝑦 holds.”
𝑆 thus declares that there exists a minimal element in 𝒜 and it is obviously true in 𝒜, 1 being
the minimal element of 𝒜.
Let us now define a different interpretation for the same language ℒ.
𝒜′ = (ℕ, > ,1)
where 𝑄 is the predicate corresponding to the relation “>” , the “greater than” relation of the
natural numbers, and where 𝑎 corresponds to 1.
Based on this interpretation, the meaning of 𝑆 becomes:
𝑆 : “There exists a natural number 𝑥 such that,
for every natural number 𝑦, 𝑥 > 𝑦 holds.”
𝑆 states that there exists a maximal element in 𝒜′, and this is obviously not true in 𝒜′, since
𝒜′ does not have a maximal element.
In other words, we observe that we can attribute different interpretations for the same
language, thus assigning different truth values.
∎ 2.4.1

Interpretation and Truth: Formal Description

We will continue with the formal description of the interpretation and the truth of a sentence
within the PrL context, [Chang et al., 1973], [Delahaye 1987], [Hamilton 1978], [Metakides
1985], [Rasiowa 1970].

Definition 2.4.2: Let
ℒ = {𝑅0 , 𝑅1 , … , 𝑓0 , 𝑓1 , … , 𝑐0 , 𝑐1 , … }

51

be a PrL language, where 𝑅𝑖 are predicate symbols, 𝑓𝑖 are symbols of functions and 𝑐𝑖 are
constant symbols, 𝑖 = 0, 1, … An interpretation of ℒ
𝒜 = (𝐴, 𝜀(𝑅0 ), 𝜀(𝑅1 ), … , 𝜀(𝑓0 ), 𝜀(𝑓1 ), … , 𝜀(𝑐0 ), 𝜀(𝑐1 ), … )
consists of:
(i) a set 𝐴 ≠ ∅, the universe of the interpretation.
(ii) an 𝑛-ary relation 𝜀(𝑅𝑖 ) ⊆ 𝐴𝑛 An for every predicate symbol 𝑅𝑖 of arity 𝑛.
(iii) a function 𝜀(𝑓𝑖 ) : 𝐴𝑚 ⟼ 𝐴 for every function 𝑓𝑖 .
(iv) an element 𝜀(𝑐𝑖 ) ∈ 𝐴 for every constant symbol 𝑐𝑖 .
𝜀(𝑅𝑖 ), 𝜀(𝑓𝑖 ) and 𝜀(𝑐𝑖 ) are the interpretations 𝑅𝑖 , 𝑓𝑖 and 𝑐𝑖 respectively in 𝒜.

∎ 2.4.2

Example 2.4.3: Let
ℒ𝐴 = {=, ≤, +,∗ ,0,1}
be the PrL language seen in Example 2.2.2. An interpretation of this language is:
𝒜 = (ℕ, =, ≤, +,∗ ,0,1)
where ℕ is the set of natural numbers, “=” the equality relation in ℕ, “≤” the relation “less or
equal”, and “+”, “∗” the addition and the multiplication in ℕ.
At this point, note that the symbol “+” of ℒ is just a 3-ary predicate symbol, for example
+(2, 3, 5), 2 + 3 = 5. In the interpretation, this symbol is interpreted as 𝜀(+), the symbol of
the natural numbers addition. We usually denote by 𝜀(@) the object interpreted by the
symbol “@” of the language in an interpretation 𝒜.
We then have the following interpretations of symbols of ℒ:
𝜀(=) ⊆ ℕ × ℕ
𝜀(≤) ⊆ ℕ × ℕ
𝜀(+) ⊆ ℕ × ℕ
𝜀(∗) ⊆ ℕ × ℕ × ℕ
𝜀(0) ∈ ℕ
𝜀(1) ∈ ℕ

∎ 2.4.3

A PrL language and its interpretation thus differ greatly. However, we will often, for the sake
of simplicity, treat a language and its interpretation identically. For example, ≤ will he used
both as a predicate of the language and as an interpretation, instead of 𝜀(≤), which is a subset
of ℕ × ℕ.
As seen in Example 2.4.1, a language can have many interpretations.
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Example 2.4.4: A different interpretation of the language ℒ examined in the previous
example is:
𝒜′ = ({2𝑛 | 𝑛 ∈ ℕ0 }, =′ ,∗′ , +′ , 0′ )

(even natural numbers)

where
𝜀 ′ (=) is =′ , the equality in {2𝑛 | 𝑛 ∈ ℕ0 }
𝜀 ′ (∗)

is ∗′ , the equality in {2𝑛 | 𝑛 ∈ ℕ0 }

𝜀 ′ (+) is +′ , the equality in {2𝑛 | 𝑛 ∈ ℕ0 }
𝜀 ′ (0) is 0′ , the equality in {2𝑛 | 𝑛 ∈ ℕ0 }
As mentioned before, a sentence of a language can be “true” in one of the interpretations of
the language and “false” in some other. For example,
(∃𝑦)(∀𝑥)(𝑥 ∗ 𝑦 = 𝑥)
denoting the existence of an identity element for ∗, is true in 𝒜 and false in 𝒜′.

∎ 2.4.4

A sentence of a language can be “true” in one of the interpretations of the language and
“false” in some other. We will now define inductively the truth of a sentence in an
interpretation 𝒜.

Definition 2.4.5: Inductive Definition of the Truth of a Sentence in an Interpretation:
Let
ℒ = {𝑅0 , 𝑅1 , … , 𝑓0 , 𝑓1 , … , 𝑐0 , 𝑐1 , … }
be a language and 𝒜 one of its interpretations.
(a) The atomic sentence 𝑅𝑖 (𝑐𝑖1 , 𝑐𝑖2 , … , 𝑐𝑖𝑛 ) is true in 𝒜 if and only if
(𝜀(𝑐𝑖1 ), … 𝜀(𝑐𝑖𝑛 )) ∈ 𝜀(𝑅𝑖 )
Then we write formally:
𝒜 ⊨ 𝑅𝑖 (𝑐𝑖1 , … , 𝑐𝑖𝑛 )
Let 𝜑, 𝜑1 , and 𝜑2 be three sentences of 𝐿. Then:
(b)
(c)
(d)
(e)
(f)
(g)

𝒜
𝒜
𝒜
𝒜
𝒜
𝒜

⊨ ¬𝜑 ⇔ 𝒜 ⊭ 𝜑
⊨ 𝜑1 ∨ 𝜑2 ⇔ 𝒜 ⊨ 𝜑1 or 𝒜 ⊨ 𝜑2
⊨ 𝜑1 ∧ 𝜑2 ⇔ 𝒜 ⊨ 𝜑1 and 𝒜 ⊨ 𝜑2
⊨ 𝜑1 → 𝜑2 ⇔ 𝒜 ⊨ 𝜑2 or 𝒜 ⊭ 𝜑1
⊨ 𝜑1 ↔ 𝜑2 ⇔ (𝒜 ⊨ 𝜑1 and 𝒜 ⊨ 𝜑2 ) or (𝒜 ⊭ 𝜑1 and 𝒜 ⊭ 𝜑2 )
⊨ (∃𝑢)𝜑(𝑢) ⇔ for some constant symbol 𝑐 ∈ ℒ, 𝒜 ⊨ 𝜑(𝑐)
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(h) 𝒜 ⊨ (∀𝑢)𝜑(𝑢) ⇔ for all constant symbols 𝑐 ∈ ℒ, 𝒜 ⊨ 𝜑(𝑐)
∎ 2.4.5

Example 2.4.6: Let ℒ = {𝑄, 𝑓} be a language of arithmetic, and let
𝒜 = (ℚ+ , =, 𝜑)

and

𝒜′ = (ℝ+ , =, 𝑔)

be two interpretations of ℒ, where
ℚ+

: the set of positive rational limbers

ℝ+

: the set of positive real numbers

𝑔

: 𝑔(𝑥) = 𝑥 2

𝜀 ′ (𝑄) : = , the equality in ℝ+
𝜀(𝑄) : =, the equality in ℚ+
𝜀 ′ (𝑔) : g defined in ℝ+
𝜀(𝑔) : g defined in ℚ+
Then the sentence 𝑆 : (∀𝑥)(∃𝑦)𝑄(𝑥, 𝑔(𝑦)), namely (∀𝑥)(∃𝑦)(𝑥 = 𝑦 2 ) , is true in 𝒜′ but
not in 𝒜 since the equation 𝑥 = 𝑦 2 , where 𝑥 is given and positive, always has a solution in
ℝ+ , but not always in ℚ+ .
∎ 2.4.6

Example 2.4.7: For the language ℒ = {𝑄, 𝑓, 𝑎, 𝑏} we can define the following interpretation:
𝒜 = (𝐴,child,mother, John, Mary,Napoleon)
where:
𝐴

:

𝜀(𝑄) :

the set of all human beings
the relation “child”,
i.e., 𝜀(𝑄)(𝑥1 , 𝑥2 ) = child(𝑥1 , 𝑥2 ) = “𝑥1 is the child of 𝑥2 ”

𝜀(𝑓) :

the relation “mother”,
i.e., 𝜀(𝑓)(𝑥) = mother(𝑥) = “the mother of 𝑥”

𝜀(𝛼) :

the person Mary

𝜀(𝑏) :

the person John

𝜀(𝑐) :

the person Napoleon

We observe that, with 𝒜, one symbol which does not occur as an element of the language,
namely 𝑐, is never the less interpreted. We will see in the following Theorem 2.5.14, that
such an interpretation of symbols which do not belong to the language is not problematic.
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Let : 𝑄(𝑏, 𝑓(𝑏)) ∨ (∃𝑥)(𝑄(𝑎, 𝑥)). According to 𝒜, the interpretation of 𝑆 is:
𝑆 : “John is the child of the mother of John
or
there exists a person 𝑥 such that Mary is a child of 𝑥”.
John is obviously the child of the mother of John. 𝑆 is therefore true in the interpretation 𝒜
(case (e) of Definition 2.4.5).
∎ 2.4.7

2.5 Soundness and Completeness of PrL Proofs
Just as we had in Propositional Logic, in FOL we have two complementary notions of
consequence. The notion of syntactic consequence 𝑆 ⊢ 𝜎 when 𝜎 is provable from a set of
sentences 𝑆 of FOL and the notion of semantic consequence 𝑆 ⊨ 𝜎 described by the
following definition.

Definition 2.5.1: Let ℒ be a PrL language and 𝑆 a set of PrL sentences. The sentence 𝜎 is a
consequence of 𝑆, formally 𝑆 ⊨ 𝜎, if and only if every interpretation 𝒜 of ℒ verifying all the
propositions of 𝑆, verifies 𝜎. This is denoted by:
𝜎 ∈ 𝐶𝑜𝑛(𝑆) ⇔ (∀𝒜)[𝒜 ⊨ 𝑆 ⇒ 𝒜 ⊨ 𝜎]

∎ 2.5.1

In PL we had seen that the proof methods introduced were correct (or sound) and complete in
the sense that no falsehoods are provable and syntactic and semantic consequences coincide.
Kurt Gödel proved, in 1929, that the same holds for FOL. This is known as the Completeness
theorem for FOL.

Theorem 2.5.2: Soundness and Completeness, Gödel, 1930:
A formula 𝜑 of PrL is derivable by the set of PrL sentences 𝑆, if and only if 𝜑 is a
consequence of 𝑆 . Formally:
𝑆⊢𝜑⇔𝑆⊨𝜑

∎ 2.5.2

Corollary 2.5.3: A formula 𝜑 of PrL is derivable by the axioms of PrL ifand only if 𝜑 is
logically true.
⊢ 𝜑 ⇔⊨ 𝜑

∎ 2.5.3

This theorem is not true for Higher Order Logics.
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Definition 2.5.4: : Let ℒ be a PrL language and 𝑆 a set of PrL sentences. The theory of a set
of axioms 𝑆, 𝑇ℎ(𝑆) = {𝜎 | 𝑆 ⊨ 𝜎} = {𝜎 | 𝑆 ⊢ 𝜎}, is the set of all consequences of 𝑆.
Formally:
𝜎 ∈ 𝑇ℎ(𝑆) ⇔ (for every truth valuation 𝑉)
(for every 𝜑 ∈ 𝑆)
(𝑉(𝜑) = 𝑡 ⇒ 𝑉(𝜎) = 𝑡)

∎ 2.5.4

So in this sense both PL and FOL are correct and compete systems. However PL is also
“complete” in a stronger sense than FOL.
Given any sentence 𝜎 and set of sentences 𝑆 of a language of PL, we can enumerate all
possible interpretations of that language (e.g. by truth tables). We can thus check whether 𝜎 is
true in every interpretation in which all members of 𝑆 are true (in which case S ⊩ σ) or
whether S ⊩ ⅂σ. So for PL, we have that for every sentence σ and set of sentences 𝑆 we can
establish whether 𝜎 ∈ 𝑇ℎ(𝑆) or whether 𝜎 ∉ 𝑇ℎ(𝑆).
So for every theory of PL we can decide whether either a sentence is in it or not. This a
stronger sense of completeness, known as decidability.
In terms of Turing Machines, this can be expressed by saying that every theory of PL is a
recursive set (both it and its complement are recursively enumerable). Life would be too easy
if this were for theories of FOL as well!
The Second (or Incompleteness) theorem of Gödel says that, regrettably, theories of FOL are
generally undecidable.
In Turing terms in FOL, 𝑇ℎ(𝑆) is a recursively enumerable set (you can enumerate provable
sentences by churning our proofs) but it is not recursive (you cannot decide if 𝜎 or ¬𝜎 is in it
by generating all interpretations, which are not even countable)!
Gödel’s second theorem (for many the most transformational theorem of the 20th century)
was equivalently and independently established by Turing in 1937 (unsolvability of the
Halting Problem) and gave a definite answer to the famous Entscheidungsproblem posed by
David Hilbert in 1928.
The deterministic vision of a world (of Mathematics) where for every claim we could
determine its truth of falsity proved an illusion. Our reality is more …Heraclitean!
At the same time we do want more powerful theories than those afforded by Propositional
Logics.
Back to the Ontologies “ranch” however, undecidable theories are not of much use as we
want our ontologies (and hence their internal logic machinery) to deduce and decide in clear
and… finite terms.
Hence the quest for decidable fragments of FOL . Modal FOL and eventually Higher Order
Logics each one of which powers a corresponding — ever more powerful — ontology.
56

Description Logics used in OWL, for example, are particular decidable fragments of Modal
FOL.
We will get a taste of such decidable fragments in what follows as we make the bridge
between Logic and Logic Programming.
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Chapter 3: The Bridge to Logic Programming

3.1 Terminology and Notation in Logic Programming

Normal Forms

The finding of the truth value of a proposition, as the proof of consistency or lack of
consistency of a set of propositions, often depends on the number and the kind of connectives
appearing in the propositions. The five logical connectives which we use are the connectives
one deals with more frequently in mathematical texts. In the following paragraphs, it will be
proved that any set of logical connectives can be expressed by means of the set {¬, ∧, ∨}
and we will thus have proven that the set of logical connectives {¬, ∧, ∨} suffices to express
any PL Propositions[Smullyan 1968], [Mendelson 1964], [Schmidt 1960].

Definition 3.1.1: A set 𝑄 of logical connectives is said to be adequate, if for every PL
proposition there is a logically equivalent proposition which does not contain connectives
different from those contained in 𝑄.
∎ 3.1.1

Theorem 3.1.2: {¬, ∧, ∨} is an adequate set.

∎ 3.1.2

On that account, using the technique of the above theorem, we can express any proposition
by means of the connectives ¬, ∧ and ∨.
The resulting equivalent proposition is said to be in a Disjunctive Normal Form (DNF). Let
𝐹 be a proposition such that the atoms of 𝐹 are 𝐴1 , … , 𝐴𝑛 . The general form of 𝐹 in a DNF
is;
DNF(𝐹) : (𝐴11 ∧ … ∧ 𝐴1𝑛 ) ∨ (𝐴21 ∧ … ∧ 𝐴2𝑛 ) ∨ … ∨ (𝐴𝑘1 ∧ … ∧ 𝐴𝑘𝑛 )
where 𝐴𝑖𝑗 ∈ {𝐴1 , … , 𝐴𝑛 } or 𝐴𝑖𝑗 ∈ {¬𝐴1 , … , ¬𝐴𝑛 }, i.e., 𝐴𝑖𝑗 , are atoms or negations of the
atoms of 𝐹 and in every conjunctive component of DNF(𝐹), each atom of 𝐹 occurs only
once, negated or unnegated.
The dual concept to DNF is called a Conjunctive Normal Form (CNF), and has the
following form:
CNF(𝐹) : (𝐴11 ∨ … ∨ 𝐴1𝑛 ) ∧ (𝐴21 ∨ … ∨ 𝐴2𝑛 ) ∧ … ∧ (𝐴𝑘1 ∨ … ∨ 𝐴𝑘𝑛 )
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Horn Clauses

In Logic Programming, as well as in most of the PROLOG versions, the following
symbolism has prevailed:
Let 𝑆 be the proposition
𝐴1 ∨ … ∨ 𝐴𝑘 ∨ (¬𝐵1 ) ∨ … ∨ (¬𝐵𝑙 )
where 𝐴1 , … , 𝐴𝑘 , 𝐵1 , … , 𝐵𝑙 are atoms. Then we have:

𝑆 ↔ 𝐴1 ∨ … ∨ 𝐴𝑘 ∨ ¬(𝐵1 ∧ … ∧ 𝐵𝑙 )
↔ (𝐵1 ∧ … ∧ 𝐵𝑙 ) → (𝐴1 ∨ … ∨ 𝐴𝑘 )

by De Morgan
by (¬𝐵 ∨ ¬𝐴) ↔ (𝐵 → 𝐴)

and finally
𝑆 ↔ ((𝐴1 ∨ … ∨ 𝐴𝑘 ) ← (𝐵1 ∧ … ∧ 𝐵𝑙 ))

(1)

For the use of ← as a logic connective see also Remark 1.2.9. If now, instead of the logical
connectives ∧, ∨ and ← we wish to use the corresponding symbols “,” (comma), “;”
(semicolon), and “:-” (neck symbol), then 𝑆 can be equivalently denoted by:
𝐴1 ; … ;𝐴𝑘 :- 𝐵1 , … , 𝐵𝑙

(2)

If in proposition (2), 𝑘 = 1 holds, then we have:
𝐴1 :- 𝐵1 , … , 𝐵𝑙

(3)

Definition 3.1.3: Each clause of form (3) is a Horn clause. The atom 𝐴 is the head or the
goal of 𝑆, and the conjunctive components 𝐵1 , … , 𝐵𝑙 , are the tail or the body or the
subgoals of 𝑆.
∎ 3.1.3

The intuitive interpretation of a Horn clause is that, for a goal A to be valid, subgoals 𝐵1 , … ,
𝐵𝑙 also need to be valid.

Definition 3.1.4: If 𝑘 = 0 in a (2) form clause, then the clause
:- 𝐵1 , … , 𝐵𝑙

(4)

is called a program goal or definite goal.
If 𝑙 = 0, the clause:
𝐴1 :is called a unit clause or fact.

(5)
∎ 3.1.4
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Remark 3.1.5:
(1) A given set 𝑆 of clauses can informally be considered as a database, see also section
3.1.1, since the clauses in 𝑆 represent information about the relationship of the atoms
they contain.
(2) The verification of goal 𝐴 in the clause 𝐴1 :- 𝐵1 , … , 𝐵𝑙 is inferred from the
validation of subgoals 𝐵1 , … , 𝐵𝑙 . In such case, a goal 𝐴 is said to succeed, or that
there is a proof of 𝐴. Otherwise, goal 𝐴 is said to fail.
(3) The form (4) Horn clause, denoting the absence of a goal, states that at least one of
the 𝐵𝑖 , 1 ≤ 𝑖 ≤ 𝑙, fails. The form (5) Horn clause means that 𝐴1 always succeeds. In
that case, 𝐴1 constitutes a claim, a fact of our database.
∎ 3.1.5

Horn clauses, constitute a decidable fragment of FOL, were used historically for Logic
Programming and are a valuable cog in the Logic machinery providing the deductive power
of modern ontology development.

Definition 3.1.6: A literal is any atom or its negation.

∎ 3.1.6

For example, ¬𝐴 , 𝐵 , ¬𝐶 are literals.
We know that we are able to develop any PL proposition into a Conjunctive Normal Form,
CNF, which is equivalent to the initial proposition. A CNF is in fact a disjunction of literals,
such that in every disjunction no literal occurs more than once.
We now present an algorithm for the construction of a CNF for a given proposition, which
operates a lot faster than constructing the proposition's truth table, then selecting the columns,
etc..
This algorithm comes as an application of
(i)

the laws of De Morgan:
¬(𝐴 ∧ 𝐵) ↔ ¬𝐴 ∧ ¬𝐵

(ii)

and

(𝐴 ∨ 𝐵) ∨ 𝐶 ↔ 𝐴 ∨ (𝐵 ∨ 𝐶)

the commutative properties of ^ and V:
𝐴∧𝐵 ↔𝐵∧𝐴

(iv)

¬(𝐴 ∨ 𝐵) ↔ ¬𝐴 ∧ ¬𝐵

associative properties of ∧ and ∨:
(𝐴 ∧ 𝐵) ∧ 𝐶 ↔ 𝐴 ∧ (𝐵 ∧ 𝐶)

(iii)

and

and

𝐴∨𝐵 ↔𝐵∨𝐴

the distributive properties of ∧ over ∨ and of ∨ over ∧
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𝐴 ∧ (𝐵 ∨ 𝐶) ↔ (𝐴 ∧ 𝐵) ∨ (𝐴 ∧ 𝐶)
(v)

and

𝐴 ∨ (𝐵 ∧ 𝐶) ↔ (𝐴 ∨ 𝐵) ∧ (𝐴 ∨ 𝐶)

the propositions
𝐴 ∨ 𝐴 ↔ 𝐴,

𝐴 ∧ 𝐴 ↔ 𝐴,

𝐴 ∨ (𝐵 ∧ ¬𝐵) ↔ 𝐴

and

𝐴 ∧ (𝐵 ∨ ¬𝐵) ↔ 𝐴,
¬¬𝐴 ↔ 𝐴

as well as the theorem of substitution of equivalences. (As an exercise, prove that the above
propositions are tautologies).
This method will be presented by means of an example.

Example 3.1.7: Develop proposition 𝑆 into a CNF, where
𝑆 : ¬((𝐴 ∨ 𝐵) ∧ (¬𝐴 ∨ 𝐵)) ∧ 𝐶
Step 1 : We move the negations forward into the parentheses, using the Laws of De Morgan:
𝑎 : 𝑆 ↔ [¬(𝐴 ∨ 𝐵) ∨ ¬(¬𝐴 ∨ ¬𝐵)] ∧ 𝐶
𝑏 : 𝑆 ↔ [(¬𝐴 ∧ ¬𝐵) ∨ (¬¬𝐴 ∧ ¬¬𝐵)] ∧ 𝐶
Step 2 : We use commutative and associative properties in order to bring together literals of
the same atom. We can then simplify double negations, double terms of the kind 𝐴 ∨ 𝐴 or 𝐴 ∧
𝐴, and superfluous terms of the kind 𝐵 ∧ ¬𝐵 or 𝐵 ∨ ¬𝐵, by using the theorem of substitution
of equivalences:
𝑆 ↔ [(¬𝐴 ∧ ¬𝐵) ∨ (𝐴 ∧ 𝐵)] ∧ 𝐶
Step 3 : By the distributive properties we have:
𝑆 ↔ [((¬𝐴 ∧ ¬𝐵) ∨ 𝐴) ∧ ((¬𝐴 ∧ ¬𝐵) ∨ 𝐴 ∨ 𝐵)] ∧ 𝐶
We then continue by repeating the 2nd and 3rd steps until the final CNF is determined.
Step 1' :

𝑆 ↔ ((¬𝐴 ∧ ¬𝐵) ∨ 𝐴) ∧ ((¬𝐴 ∧ ¬𝐵) ∨ 𝐴 ∨ 𝐵) ∧ 𝐶

Step 3' :

↔ (¬𝐴 ∨ 𝐴) ∧ (¬𝐵 ∨ 𝐴) ∧ (¬𝐴 ∨ 𝐵) ∧ (¬𝐵 ∨ 𝐵) ∧ 𝐶

Step 2' :

↔ (¬𝐵 ∨ 𝐴) ∧ (¬𝐴 ∨ 𝐵) ∧ 𝐶

which is the CNF of 𝑆 we are seeking.

∎ 3.1.7

The last form of 𝑆 is a conjunction of literals’ disjunctions, and is equivalent to the initial
formula. This algorithm generally knishes when the following form of S is determined:
(𝐴11 ∨ 𝐴12 ∨ … ∨ 𝐴1𝑘1 ) ∧ … ∧ (𝐴1𝜈 ∨ 𝐴𝜈2 ∨ … ∨ 𝐴𝜈𝑘𝜈 )

(6)

where the elements of {𝛢11 , … , 𝛢1𝑘1 , … , 𝐴1𝜈 , … , 𝐴𝜈𝑘𝜈 } are literals.
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In the context of the resolution proof method, formulating a proposition as a set of literals
proves to be very practical. For instance, the proposition in the first parenthesis in (7)
becomes:
{ 𝛢11 , 𝛢12 , … , 𝛢1𝑘1 }
We consider that such a set denotes a disjunction of literals, namely a PL proposition.
We now give the formal definition of the set-theoretical form of a proposition.

Definition 3.1.8: The disjunction of a finite set of literals can be set-theoretically represented
as a set, the elements of which are the considered literals. This set is called a clause. A clause
is thus equivalent to a PL disjunctive proposition.
For technical reasons, we also introduce the concept of the empty clause, a clause which
contains no literals and is always non-verifiable. An empty clause is denoted by □.
∎ 3.1.8

Definition 3.1.9: The conjunction of a finite set of clauses can be set-theoretically
represented as a set, the elements of which are these clauses. This set is called a set of
clauses. A set of clauses thus constitutes a conjunction of disjunctions, namely a PL
conjunctive proposition.
∎ 3.1.9

Example 3.1.10: The set of clauses
{¬𝐵, ¬𝐶} , {𝐷}
{{𝐴,
⏟}
⏟ 𝐵} , ⏟
1

3

2

represents the proposition:
(¬𝐵 ∨ ¬𝐶) ∧ 𝐷
((𝐴
⏟)
⏟ ∨ 𝐵) ∧ ⏟
1

2

∎ 3.1.10

3

Remark 3.1.11:
(1) A truth valuation obviously verifies a set of clauses if it verifies every clause in the
set. For example, let 𝑆 = {{𝐴, 𝐵} , {¬𝐶}} be a set of clauses and let 𝑉 be a truth
valuation such that:
𝑉(𝐴) = 𝑉(𝐵) = 𝑉(𝐶) = 𝑡
Then 𝑉 does not verify 𝑆, since it does not verify one of its elements, namely {¬𝐶}.
(2) Naturally, we can also consider the empty set of clauses {∅}, which is not to be
confused with the empty clause □. Formally, every truth valuation verifies the empty
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set of clauses, since it validates every one of its elements (there is no proposition
contained in the clauses of {∅}, see the Proof of Corollary 1.5.4).
On the contrary, each set of clauses which contains the empty clause can be verified
by no truth valuation, because □ is not veritable.
Intuitively, the empty set of clauses denotes that there is no “claim” (proposition) for
the “world” (the set of propositions,) whereas the empty clause denotes that we at
least have one proposition for our “world” the clause □, which always creates
contradictions by making our “world” inconsistent, namely non-verifiable. ∎ 3.1.11

3.2 Semantic Tableaux and Resolution Methods

Proofs by “Semantic Tableaux”

In PrL, just as in PL, we can determine whether or not a sentence or a set of sentences are
satisfiable. The methods which we have already examined can be used within the PrL
context.
Let us start with the semantic tableaux [Fitting 1969], [Fitting 1990], [Metakides 1985],
[Smullyan 1968]. These tableaux are used in the finding of the truth value of a compound
sentence of a PrL language ℒ.

Definition 3.2.1: Proofs with Complete Systematic Tableaux:
Assume we have a language ℒ and that 𝑐0 , 𝑐1 , … are its constant symbols constituting a list
of constants. (The meaning of this list will appear clearly in Construction 2.8.5).
Let 𝜎, 𝜎1 , 𝜎2 be sentences of ℒ. The semantic tableaux are given in the following table.
∎ 3.2.1
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1

2
𝑡(⏋𝜎)
|
𝑓(𝜎)

3

𝑓(⏋𝜎)
|
𝑡(𝜎)

4
𝑡(𝜎1 ∨ 𝜎2 )
/ \
𝑡(𝜎1 ) 𝑡(𝜎2 )

7

5
𝑓(𝜎1 ∨ 𝜎2 )
|
𝑓(𝜎1 )
|
𝑓(𝜎2 )

𝑡(𝜎1 → 𝜎2 )
/ \
𝑓𝜎1 𝑡𝜎2

9

10

𝑓(𝜎1 → 𝜎2 )
|
𝑡𝜎1
|
𝑡𝜎2

𝑡(𝜎1 ↔ 𝜎2 )
/ \
𝑡𝜎1 𝑓𝜎1
|
|
𝑡𝜎2 𝑓𝜎2

12
𝑡(∀𝑥)𝜑(𝑥)
|
𝑡𝜑(𝑐)
for all 𝑐

𝑓(𝜎1 ∧ 𝜎2 )
/ \
𝑓𝜎1 𝑓𝜎2

𝑡(𝜎1 ∧ 𝜎2 )
|
𝑡𝜎1
|
𝑡𝜎2

8

11

6

13
𝑓(∀𝑥)𝜑(𝑥)
|
𝑡𝑓(𝑐)
for new 𝑐

𝑓(𝜎1 ↔ 𝜎2 )
/ \
𝑡𝜎1 𝑓𝜎1
|
|
𝑓𝜎2 𝑡𝜎2
14

𝑡(∃𝑥)𝜑(𝑥)
|
𝑡𝑓(𝑐)
for new 𝑐

𝑓(∃𝑥)𝜑(𝑥)
|
𝑓𝜑(𝑐)
for all 𝑐

The PrL semantic tableaux are extensions of the corresponding PL tableaux with additional
cases for the quantifiers.
With the semantic tableau
𝑡(∀𝑥)𝜑(𝑥)

𝑡𝜑(𝑐)
for every 𝑐
We represent the fact “for (∀𝑥)𝜑(𝑥) to be true, 𝜑(𝑥) has to be true for every constant 𝑐”.
Correspondingly, with the semantic tableau
𝑡(∃𝑥)𝜑(𝑥)

𝑡𝜑(𝑐)
for new 𝑐
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we represent the fact “for (∃𝑥)𝜑(𝑥) to be true, there has to be a constant 𝑐, which has not yet
appeared in the tableau, such that 𝜑(𝑐) is true”.
The PrL semantic tableaux are called complete systematic tableaux, CST for short. The
construction of a complete systematic tableau of a PrL sentence is analogous to the
corresponding PL construction. Let us first see some examples.

Example 3.2.2: Let us assume we wish to prove that : (∀𝑥)𝜑(𝑥) → (∃𝑥)𝜑(𝑥) is logically
true, where 𝜑 is a PrL sentence.
We start the tableau with 𝑓𝜎 as origin:

𝑓((∀𝑥)𝜑(𝑥) → (∃𝑥)𝜑(𝑥))

node 1

tableau 8
𝑡(∀𝑥)𝜑(𝑥)

node 2

𝑓(∃𝑥)𝜑(𝑥)

node 3

from node 3

𝑓𝜑(𝑐)

for all 𝑐

node 4

from node 2

𝑡𝜑(𝑐)

for all 𝑐

node 5

Contradiction between 4, 5

⊗

For the last node of the semantic tableau we used the same constant 𝑐, in order to create the
contradiction. We are allowed to do just so since the tableau of (∀𝑥)𝜑(𝑥) allows the use of
every constant.
Intuitively, the above Beth-proof means that(∀𝑥)𝜑(𝑥) → (∃𝑥)𝜑(𝑥) is a logically true
sentence, since each attempt to prove it false has resulted in a contradiction.
∎ 3.2.2
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Example 3.2.3:
𝑓[(∀𝑥)(𝑃(𝑥) → 𝑄(𝑥)) → ((∀𝑥)𝑃(𝑥) → (∀𝑥)𝑄(𝑥))]

𝑡(∀𝑥)(𝑃(𝑥) → 𝑄(𝑥))

𝑓((∀𝑥)𝑃(𝑥) → (∀𝑥)𝑄(𝑥))

𝑡(∀𝑥)𝑃(𝑥)

𝑓(∀𝑥)𝑄(𝑥)

for new 𝑐1

𝑓𝑄(𝑐1 )

𝑡𝑃(𝑐)

for all 𝑐

𝑡(𝑃(𝑐) → 𝑄(𝑐))

for all 𝑐

𝑓𝑃(𝑐)

𝑡𝑄(𝑐)

⊗

⊗

∎ 3.2.3
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The semantic tableau of 𝑡(∀𝑥)𝜑(𝑥) -dually, of 𝑓(∃𝑥)𝜑(𝑥) - allows us to declare 𝜑(𝑐) true dually, false - for every 𝑐. The semantic tableau 𝑡(∃𝑥)𝜑(𝑥) allows us to declare 𝜑(𝑐) true
only for those constants 𝑐 which have not previously occurred in the systematic tableau.
The following example demonstrates what would happen without this limitation.

Example 3.2.4: Let (∃𝑥)𝜑(𝑥) → (∀𝑥)𝜑(𝑥) be a sentence. This sentence is not logically true
since the existence of an 𝑥, such that 𝜑(𝑥) holds, does not imply that 𝜑(𝑥) holds for every 𝑥
(for example, the existence of an 𝑥 > 3 does not imply that for every 𝑥, 𝑥 > 3 holds). But:

𝑓((∃𝑥)𝜑(𝑥) → (∀𝑥)𝜑(𝑥))

𝑡(∃𝑥)𝜑(𝑥)

𝑓(∀𝑥)𝜑(𝑥)

𝑡𝜑(𝑐)

for new 𝑐

𝑓𝜑(𝑐)

for new 𝑐

⊗

In node 5 we did not have the right to use the same constant 𝑐 as in the previous node 4. We
have thus “proved” that (∃𝑥)𝜑(𝑥) → (∀𝑥)𝜑(𝑥) is a logically true sentence, whereas it is
obviously not.
∎ 3.2.4

Due to the tableaux 11 and 14, a systematic tableau may continue infinitely if there is no
contradiction occurring in one of its branches. (In Examples 2.8.2 and 2.8.3, there was no
need to write down all the constants of the tableaux 4 and 13).
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Example 3.2.5:
node 1

𝑡[(∀𝑥)𝐴(𝑥, 𝑥) ∧ (∃𝑦)(¬𝐴(𝑦, 𝑦) ∨ 𝐵(𝑦, 𝑦))]

node 2

𝑡[(∀𝑥)𝐴(𝑥, 𝑥)]

node 3

𝑡[(∃𝑦)(¬𝐴(𝑦, 𝑦) ∨ 𝐵(𝑦, 𝑦))]

node 4

𝑡[¬𝐴(𝑐0 , 𝑐0 ) ∨ 𝐵(𝑐0 , 𝑐0 )]

from 2

for new 𝑐0

𝑡[¬(𝐴(𝑐0 , 𝑐0 ))]

𝑡[𝐵(𝑐0 , 𝑐0 )]

𝑓 [𝐴(𝑐0 , 𝑐0 )]

𝑡[𝐴(𝑐, 𝑐)]

𝑡[𝐴(𝑐0 , 𝑐0 )]

𝑡𝐴(𝑐0 , 𝑐0 )

⊗

from 2 for all 𝑐

𝑡𝐴(𝑐1 , 𝑐1 )

⋮
In this example, the left branch is contradictory whereas the right branch continues infinitely.
∎ 3.2.5

Proofs by Resolution

The resolution method is the most efficient PL algorithmic proof method and, as we will see
in the second chapter, for Predicate Logic as well. It constitutes the proof method on which
the Logic Programming language PROLOG is bases. The resolution method by refutation,
just like Beth-proofs. It generally has a lot of similarities with the Beth-proof method, but it is
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more suitable to the writing of logic programs, where the programming language is almost
the PL language.
Generally speaking, resolution is a deductive rule through which we can derive a proposition
in a clause from two other propositions. Before describing formally the method, we shall give
an example.

Example 3.2.6: Consider the following clauses
{¬𝐴 , 𝐵}
{𝐴 , 𝐶}
Using resolution, we can deduce

{𝐵 , 𝐶}

The intuition in the use of such a rule becomes very clear when we reformulate the previous
clauses according to the classical PL formulation.
given propositions {¬𝐴 , 𝐵}
{𝐴 , 𝐶}
conclusion

{𝐵 , 𝐶}

This rule is an application of the tautology
(¬𝐴 ∨ 𝐵) ∧ (𝐴 ∨ 𝐶) → (𝐵 ∨ 𝐶)
From the Completeness Theorem 1.10.9, we know that tautologies are derivable by means of
the axioms and Modus Ponens. Thus
⊢ (¬𝐴 ∨ 𝐵) ∧ (𝐴 ∨ 𝐶) → (𝐵 ∨ 𝐶)
Then from the Theorem of Deduction, Theorem 1.8.7, we obtain
{(¬𝐴 ∨ 𝐵) ∧ (𝐴 ∨ 𝐶)} ⊢ (𝐵 ∨ 𝐶)
The rule of resolution is thus derivable in PL.

∎ 3.2.6

As a generalization of the previous example, let us consider as given the following clauses:
𝐶1 = {𝐴1 , 𝐴2 , … , 𝐴𝑘1 , ¬𝐵1 , … , ¬𝐵𝑙1 }
𝐶2 = {𝐷1 , 𝐷2 , … , 𝐷𝑘2 , ¬𝐹1 , … , ¬𝐹𝑙2 }
where 𝐴1 , … , 𝐴𝑘1 , 𝐵1 , … , 𝐵𝑙1 , 𝐷1 , … , 𝐷𝑘2 , 𝐹1 , … , 𝐹𝑙2 are atoms. Let us also assume that
𝐴1 coincides with 𝐹1 .
We can then rewrite the two clauses as follows:
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𝐶1 = {𝐴1 } ∪ 𝐶1′

where 𝐶1′ = {𝐴2 , … , 𝐴𝑘1 , ¬𝐵1 , … , ¬𝐵𝑙1 }

𝐶2 = {¬𝐴1 } ∪ 𝐶2′ where 𝐶2′ = {𝐷1 , 𝐷2 , … , 𝐷𝑘2 , ¬𝐹2 , … , ¬𝐹𝑙2 }
Then the resolution rule that we wish to develop will have to enable us to produce the
following clause as a deduction:
𝐶 = 𝐶1′ ∪ 𝐶2′
In other words,
given:

𝐶1 = {𝐴1 } ∪ 𝐶1′
𝐶2 = {¬𝐴1 } ∪ 𝐶2′

conclusion:

𝐶1′ ∪ 𝐶2′ = (𝐶1 − {𝐴1 }) ∪ (𝐶2 − {¬𝐴1 })

(1)

We can consider that the two clauses 𝐶1 and 𝐶2 “collide” because 𝐶1 contains literal 𝐴1 and
𝐶2 literal ¬𝐴1 . The removal of the cause of the collision leads to clause (1), which resolves
the clash. The method owes its name to this resolution. We can now define formally the
resolution method.

Definition 3.2.7: Resolution, a formal description:
Let 𝐶1 and 𝐶2 be two clauses and let 𝐿 be a literal such that 𝐿 ∈ 𝐶1 and (¬𝐿)\𝑖𝑛 𝐶2 . We can
then deduce the resolvent 𝐷 of 𝐶1 and 𝐶2 :
𝐷 = (𝐶1 − {𝐿}) ∪ (𝐶2 − {¬𝐿})

∎ 3.2.7

Example 3.2.8:
given:

𝐶1 = {𝑃, 𝑄}
𝐶2 = {¬𝑃, ¬𝑄}

conclusion:

𝐷 = {𝑄, ¬𝑄}

∎ 3.2.8

Definition 3.2.9: Let 𝑆 = {𝐶1 , 𝐶2 , … , 𝐶𝑛 } be a set of clauses. Then the set
𝑅(𝑆) = 𝑆 ∪ {𝐷 | 𝐷 is the resolvent of the clauses 𝐶𝑖 , 𝐶𝑗 ∈ 𝑆, 𝑖 ≠ 𝑗, 1 ≤ 𝑖, 𝑗 ≤ 𝑛}
is the resolvent of 𝑆.

∎ 3.2.9
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Example 3.2.10: Let 𝑆 be a set of clauses:
𝑆 = {{𝐴,
⏟ ¬𝐵, ¬𝐶} , {𝐵,
⏟ 𝐷} , {¬𝐴,
⏟ ¬𝐷}}
1

2

3

By applying the resolution rule on the pairs of clauses of S, we have:
1 {𝐴, ¬𝐵, ¬𝐶}
2

{𝐵, 𝐷}

4

{𝐴, 𝐷, ¬𝐶}

2

{𝐵, 𝐷}

3 {¬𝐴, ¬𝐷}
5

{𝐵, ¬𝐴}

3

{¬𝐴, ¬𝐷}

1

{𝐴, ¬𝐵, ¬𝐶}

6 {¬𝐵, ¬𝐶, ¬𝐷}

And finally,
{¬𝐴, ¬𝐷} , ⏟
{𝐴, 𝐷, ¬𝐶} , ⏟
{𝐵, ¬𝐴} , ⏟
{¬𝐵, ¬𝐶, ¬𝐷}}
𝑅(𝑆) = {{𝐴,
⏟ ¬𝐵, ¬𝐶} , {𝐵,
⏟ 𝐷} , ⏟
1

2

3

4

5

6

We can of course continue with the application of the method, by taking successively the
following sets:
𝑅0 (𝑆) = 𝑆 , 𝑅1 (𝑆) = 𝑅(𝑆) , 𝑅20 (𝑆) = 𝑅(𝑅(𝑆)) , … , 𝑅𝑛 (𝑆) = 𝑅(𝑅𝑛−1 (𝑆))
And finally:
∞

𝑅

∗ (𝑆)

= ⋃ 𝑅𝑛 (𝑆) = {𝐶𝑖 | 𝐶𝑖 ∈ 𝑅 𝑗 (𝑆) and 𝑗 ∈ ℕ}
𝑛=1

where 𝐶𝑖 are the clauses contained in the 𝑗 th resolvent of 𝑆.
Note that 𝑅∗ (𝑆) is a finite set if and only if 𝑆 is finite.

∎ 3.2.10

Remark 3.2.11:
(1) In Example 1.9.12, we chose to apply resolution through the literal 𝑃. We could have
done this through 𝑄, since 𝑄 is obviously also a cause of collision.
(2) Intuitively for every resolution application, if a truth valuation verifies 𝐶1 and 𝐶2 then
it also verifies their resolvent 𝐷. Likewise, whenever a truth valuation verifies 𝑆, it
also verifies 𝑅(𝑆).
(3) Note that the resolvent 𝐷 of 𝐶1 captures less information than 𝐶1 and 𝐶2 . This
becomes clear with the following example.
∎ 3.2.11

Example 3.2.12: Let 𝑆 = {{𝐴, 𝐵}. {¬𝐵}} be a set of clauses. Then, by resolution, we have
given:

𝐶1 = {𝐴, 𝐵}
𝐶2 = {¬𝐵}

conclusion:

𝐷 = {𝐴}
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By applying resolution on 𝑆, we produce 𝐷 = {𝐴} which contains no information about
literal 𝐵.
∎ 3.2.12
We will now give the formal definition of proofs by means of the resolution method.

Definition 3.2.13: Let 𝑆 a set of clauses. A resolution proof from 𝑆 is a finite sequence of
clauses 𝐶1 , … , 𝐶𝑛 , such that, for every 𝐶𝑖 , 𝑖 = 1, … , 𝑛, we have:
𝐶𝑖 ∈ 𝑆

𝐶𝑖 ∈ 𝑅({𝐶𝑗 , 𝐶𝑘 }),

or

1 ≤ 𝑗, 𝑘 ≤ 𝑛

A clause 𝐶 is provable by resolution from a set of clauses 𝑆, formally 𝑆 ⊢𝑅 𝐶, if there is a
resolution proof from 𝑆, the last clause of which is 𝐶.
∎ 3.2.13

Example 3.2.14: Find all the resolvents of the set of clauses
𝑆 = {{𝐴, 𝐵}, {¬𝐴, ¬𝐵}}
Let us number all the clauses in 𝑆:
1.
2.
3.
4.

{𝐴, 𝐵}
{¬𝐴, ¬𝐵}
{𝐵, ¬𝐵}
{𝐴, ¬𝐵}

from 1 and 2.
from 1 and 3.

Then
𝑅1 (𝑆) = {{𝐴, 𝐵}, {¬𝐴, ¬𝐵}, {𝐵, ¬𝐵}, {𝐴, ¬𝐵} }
Finally
𝑅∗ (𝑆) = 𝑅0 (𝑆) ∪ 𝑅1 (𝑆)
= {{𝐴, 𝐵}, {¬𝐴, ¬𝐵}, {𝐵, ¬𝐵}, {𝐴, ¬𝐵} }
Clauses of the kind {𝐴, ¬𝐴} namely 𝐴 ∨ ¬𝐴, are tautologies.

∎ 3.2.14

Example 3.2.15: The following proposition is given:
𝑆 : ((𝐴 ↔ (𝐵 → 𝐶)) ∧ (𝐴 ↔ 𝐵) ∧ (𝐴 ↔ ¬𝐶))
Prove that 𝑆 is not veritable.
Proof:
Step 1 : Determine the CNF of 𝑆
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𝑆 ↔ (𝐴 → (𝐵 → 𝐶)) ∧ ((𝐵 → 𝐶) → 𝐴) ∧ (𝐴 → 𝐵) ∧ (𝐵 → 𝐴) ∧ (𝐴 → ¬𝐶) ∧ (¬𝐶 → 𝐴)
(¬𝐴 ∨ ¬𝐵 ∨ 𝐶) ∧ ⏟
(𝐵 ∨ 𝐴) ∧ ⏟
(¬𝐶 ∨ 𝐴) ∧ ⏟
(¬𝐴 ∨ 𝐵) ∧ ⏟
(¬𝐵 ∨ 𝐴) ∧ ⏟
(¬𝐴 ∨ ¬𝐵) ∧ ⏟
(𝐶 ∨ ¬𝐴)
↔⏟
1

2

3

4

5

6

7

Step 2 : Form the corresponding set of clauses:
𝑆 = {{¬𝐴
⏟ ∨ ¬𝐵 ∨ 𝐶} , {𝐵
⏟ ∨ 𝐴} , {¬𝐶
⏟ ∨ 𝐴} , {¬𝐴
⏟ ∨ 𝐵} , {¬𝐵
⏟ ∨ 𝐴} , {¬𝐴
⏟ ∨ ¬𝐵} , {𝐶
⏟ ∨ ¬𝐴}}
1

2

3

Step 3 : Determine the various resolvents:

4

5

8. {𝐴}
9. {¬𝐴, ¬𝐵}
10. {¬𝐴}
11. □

6

7

by 2 and 5.
by 2 and 6.
by 4 and 9.
by 8 and 10.

(see also Definition 1.9.8. The literal ¬𝐴 is eliminated and clause 11 contains no
literals.)
Since the empty clause belongs to resolvent by 11, the set of clauses 𝑆 is not
verifiable. Thus, proposition 𝑆 is not verifiable.
∎ 3.2.15

Example 3.2.16: Prove that the proposition ¬𝐵 is provable by resolution from the set
𝑄 = {{𝐴, ¬𝐵}, {¬𝐴, ¬𝐵, ¬𝐶}, {¬𝐴, ¬𝐵, 𝐶}}

Proof:

{𝐴, ¬𝐵}
{¬𝐴, ¬𝐵, ¬𝐶}
{¬𝐴, ¬𝐵, 𝐶}
{¬𝐴, ¬𝐵}
by 2 and 3.
5. {¬𝐵}
by 4 and 1.
1.
2.
3.
4.

The resolution proof we are seeking is the sequence of clauses 1, 2, 3, 4 and 5.

∎ 3.2.16

Remark 3.2.17: The proof in Example 1.9.20 could also have been conducted as follows:
We apply resolution on
𝑆1 = {{𝐴, ¬𝐵}, {¬𝐴, ¬𝐵, ¬𝐶}, {¬𝐴, ¬𝐵, 𝐶}, {𝐵}} = 𝑆 ∪ {𝐵}

to give

5. {𝐴}
6. {¬𝐴, ¬𝐵}
7. {¬𝐴}
8. □

by 1 and 4.
by 2 and 3.
by 4 and 6.
by 5 and 7.
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Namely we have 𝑆 ∪ {𝐵} ⊢𝑅 □. Since the rule of resolution is a derivable rule of PL as we
saw in Example 1.9.10, we have also 𝑆 ∪ {𝐵} ⊢ □. But in that case, we have by the
Deduction Theorem 1.8.6, that 𝑆 ⊢ 𝐵 → □.
By the tautology (𝐵 → □) ↔ ¬𝐵, we can conclude 𝑆 ⊢ ¬𝐵; in other words ¬𝐵 is provable
from 𝑆.
∎ 3.2.17

Remark 3.2.18: Correctness and Completeness of the Resolution Method
Working with resolution is actually an application and simplification of the corresponding
PrL working method. Hence, if the sentence 𝜎 of PrL has a proof by resolution from the set 𝑆
of PrL, denoted by 𝑆 ⊢𝑅 𝜎, the 𝜎 is provable by 𝑆, Definition 2.3.8. Formally:
𝑆 ⊢𝑅 𝜎 ⇒ 𝑆 ⊢ 𝜎
The reverse is however also valid for every set 𝑆 of clauses:
𝑆 ⊢ 𝜎 ⇒ 𝑆 ⊢𝑅 𝜎

∎ 3.2.18
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Part II. Graphs and Networks
Present day Graph and Network theory is the synthesis of several lines of research, including
Algebraic Topology, Complex Systems and Chaos, Chemistry and Statistical Physics,
Electric Circuits and Communication Networks, Transport Networks, Social Dynamics
[Meyers 2009]. This unique synthesis was catalyzed by the effort to investigate the structure
and emergence of the World Wide Web as a Graph. The small worldness [Watts et al.,
1998], [Adamic 1999], [Strogatz 2003] and scale-invariance [Albert 1999], [Albert 2000],
[Barabasi et al., 1999], [Barabasi et al., 2002] features, although known before, were the
missing link for the understanding of interdepended systems. These results initiated an
explosion of innovative activity in complex systems and networks which spread to almost all
scientific fields, like Systems Biology and Systems Medicine, Socio-Economic Dynamics
and of course, Communication and Knowledge networks [Newman 2006], [Caldarelli et al.,
2007], [Barrat et al., 2008 ], [Jackson 2008], [Lewis 2009], [Newman 2010], [Gros 2011],
[Estrada 2011]. Graphs [Harary et al., 1965], [Gross 2003] provide a geometric representation
of systems of interrelated or interdependent units, with the advantages of using the tools of
linear algebra and statistics.
A graph is a set 𝐸 of edges (links) among a set 𝑉 of vertices (nodes) usually labelled as
numbers 1,2,3,… The links 𝐸 are in fact a relation on 𝑉, i.e. a subset of the Cartesian product
𝑉 × 𝑉. The common notation for the link (𝜅, 𝜆) is the arrow 𝜅 ⟶ 𝜆. A computationally
convenient way to represent a graph is the adjacency matrix 𝑎 = (𝛼𝜅𝜆 ) defined by the
formula:
1, if the link κ ⟶ λ is present
𝛼𝜅𝜆 = {
}
0, if the link κ ⟶ λ is not present
There is a one-to-one correspondence between relations, graphs and adjacency matrices. In
the case of the Web the nodes are the webpages and the links are the hyperlinks between the
pages. In the case of social systems V is the set of persons, while E is the set of relations of
interest, like accessibility, communication, friendship, trust, co-authorship, memberships in
clubs. If the relation is reciprocal, the adjacency matrix is symmetric and the graph
undirected.
In graphs representing communication channels, the links are weighted by weights modeling
the relevant features like channel capacity, communication cost, duration, trust level. The
weighted graphs are specified by the weight matrix (𝑤𝜅𝜆 ), where 𝑤𝜅𝜆 is the weight of the
link 𝜅 ⟶ 𝜆, taking values usually in the intervals [−1,1], or [0,1]. The adjacency matrix of a
weighted graph is obtained from the weights:
𝛼𝜅𝜆 = 𝜃(|𝑤𝜅𝜆 |), where 𝜃 is the Heaviside unit step function:
𝜃(𝑥) = {

1, if x > 0
}
0, if x ≤ 0

Considering the Web as Markov Matrix with transition probabilities estimated from the
number of hyperlinks among websites to others, Brin and Page ranked the webpages by
estimating the equilibrium distribution of the Markov Matrix. This is the simple idea behind
Google’s PageRank and other Search Engine rankings [Langville et al., 2006]
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Although weighted graphs model the features of the links-channels, in order to study the
features of the nodes, like the number of visitors in a website, or the activation of a neuron or
the electric potential, we need a further extension of weighted graphs. Thus we arrive at the
concept of the network, originally introduced in the context of electrical circuits. The
networks are graphs with weights 𝑤𝜅𝜆 and activation functions 𝜓𝜅 on the Nodes = 1,2,3, … .
The activations 𝜓𝜅 are Real or Symbolic Variables on the nodes, depending on the specific
model. The network state at time t is the time dependent vector:
(

𝜓(𝑡)
𝜓 (𝑡)
)=( 𝜅
)
𝑤(𝑡)
𝑤𝜅𝜆 (𝑡)

Trees, like the Newton’s representation of Aristotle’s Organon mentioned in Part I, seem to
be the first specific graphs considered. Euler showed in 1736 that there is no path crossing all
7 bridges of Konigsberg exactly once [Euler 1736]. Graph theory emerged after Euler proved
(1752) the polyhedral formula:
𝑉−Ε+ 𝐹 =2
Where: 𝑉 is the number of vertices, 𝐸 the number of edges and 𝐹 the number of faces of the
polyhedron. Euler’s formula is written in the Google Doodle celebrating his 306th Birthday.

http://www.google.com/doodles/leonhard-eulers-306th-birthday
The analysis of chemical compounds motivated Cayley to introduce the concept tree in 1875.
Sylvester, three years later introduced the graph concept. However it was Kirchhooff’s
analysis of electric circuits in 1847, which inspired Poincare [Poincare 1895], [Poincare
1900] to define the incidence structures and Algebraic Topology as the fundamental
mathematical background underlying graphs and networks [Lefscetz 1975]. For details on the
first study of stationary graphs up to the 1930s, see [Biggs et al., 1977].
At the same time Poincare discovered that the famous three body problem is analytically nonintegrable [Poincare 1890], [Poincare 1899], presently known as chaos [Strogatz 1994],
[Katok et al., 1995], [Hirsh et al., 2004], [Prigogine 1980] and introduced the concept of
Dynamical Systems [Poincare 1899], [Birkhoff 1927] in order to provide a common language
for Dynamics and Thermodynamics. Chaos as a mechanism of Complexity, and Dynamical
Systems Theory were the first steps towards the modeling of Network Dynamics
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Network Dynamics is formulated in the Dynamical Systems language either as Differential
equations (continuous time):
dy(t)
= 𝛷(y(t))
dt
d 𝜓(𝑡)
𝜓(𝑡)
(
) = 𝛷(
)
𝑤(𝑡)
dt 𝑤(𝑡)
𝜓1 (𝑡)
d 𝜓2 (𝑡)
(
)=
⋮
dt
𝑤𝜅𝜆 (𝑡)

𝛷1 (𝜓1 (𝑡), 𝜓2 (𝑡), … , 𝑤𝛼𝛽 (𝑡))
𝛷2 (𝜓1 (𝑡), 𝜓2 (𝑡), … , 𝑤𝛼𝛽 (𝑡))
⋮
𝛷
(𝜓
(𝑡),
𝜓
(𝑡),
… , 𝑤𝛼𝛽 (𝑡)))
2
( 𝜅𝜆 1

or as difference Equations (discrete time):
y(t + 1) = S(𝑦(𝑡))
(
𝜓1 (𝑡 + 1)
𝜓2 (𝑡 + 1)
(
)=
⋮
𝑤𝜅𝜆 (𝑡 + 1)

𝜓(𝑡)
𝜓(𝑡)
𝜓(𝑡)
𝜓(𝑡 + 1)
) = 𝑆(
)=(
)+𝛷(
)
𝜓(𝑡)
𝜓(𝑡)
𝜓(𝑡)
𝑤(𝑡 + 1)

S1 (𝜓1 (𝑡), 𝜓2 (𝑡), … , 𝑤𝛼𝛽 (𝑡))

𝜓1 (𝑡) + Φ1 (𝜓1 (𝑡), 𝜓2 (𝑡), … , 𝑤𝛼𝛽 (𝑡))

𝑆2 (𝜓1 (𝑡), 𝜓2 (𝑡), … , 𝑤𝛼𝛽 (𝑡))
𝜓2 (𝑡) + Φ2 (𝜓1 (𝑡), 𝜓2 (𝑡), … , 𝑤𝛼𝛽 (𝑡))
=
⋮
⋮
(𝑡)
𝑆
(𝜓
(𝑡),
𝜓
(𝑡),
…
,
𝑤
(𝑡))
𝑤
+
Φ
(𝜓
(𝑡),
𝜓2 (𝑡), … , 𝑤𝛼𝛽 (𝑡)))
2
𝛼𝛽
𝜅𝜆
1
( 𝜅𝜆 1
) ( 𝜅𝜆

The Weight Dynamics:
𝑤𝜅𝜆 (𝑡 + 1) = 𝑆𝜅𝜆 (𝜓1 (𝑡), 𝜓2 (𝑡), … , 𝑤𝛼𝛽 (𝑡)) = 𝑤𝜅𝜆 (𝑡) + Φ𝜅𝜆 (𝜓1 (𝑡), 𝜓2 (𝑡), … , 𝑤𝛼𝛽 (𝑡))
is also known as Learning Rule in the context of Neural networks [Heykin 1999], where first
neighbors are only influential.

The ideas of Chaos and Complexity returned several times after Poincare’s Non-Integrability
result [Poincare 1890],[ Poincare 1899]. Simon introduced the concept “Bounded
Rationality” in the context of socio-economic Decisions, demonstrating that due to
complexity, uncertainty is intrinsic [Simon 1955], [Simon 1957], [Simon 1969] and should
be taken into account. Simon received the Nobel price in economics for his “theory of
organizational decision-making” [Klahr et al., 1989]. The analogous idea of “Predictability
Horizon” for chaotic dynamics was proposed by Sir James Lighthill [Lighthill 1986] together
with an unprecedented collective apology “on behalf of the broad global fraternity of
practitioners of mechanics” for almost three centuries of erroneous generalizations on
predictability: “We collectively wish to apologize for having misled the general educated
public by spreading ideas about the determinism of systems satisfying Newton's laws of
motion that, after 1960, were to be proved incorrect”. In the same direction, Prigogine
emphasized “the end of certainty” [Prigogine 1999] and that “the future is constructed”
[Prigogine 2003] in the dynamically constructed universe. His contribution was based on the
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revelation of the constructive role of complexity by demonstrating that life and selforganization are possible only in open systems far from thermodynamic equilibrium
[Prigogine 1980], [Kondepudi et al., 1998], for which he received the Nobel price in
chemistry [Prigogine 1978]. Prigogine provided necessary conditions for chemical
organization and introduced general principles of self-organization of complex systems,
including extended systems [Prigogine et al., 2001] and the world wide web [Prigogine
2000], [Antoniou 2000]. The natural arrow of time turned out to be possible only for highly
unstable complex systems, like Poincare’s three body problem and chaos. Prigogine’s NonEquilibrium Thermodynamics was also formulated as a Network Dynamical Theory [Oster et
al., 1971], [Mikulecky 2001]. These results together with mathematical theorems and the
analysis of several models culminated in the late 1990s to Complex Systems Science [Meyers
2009].
Further analysis of Networks came in another parallel direction, from Social Psychology and
Systems Psychology. Jacob Moreno introduced Social Networks Analysis and Sociometry in
1934 [Moreno 1934]. The graph in Fig. 1 from Moreno [Moreno 1934] is the first explicit
social network.

Fig. 1: Social Networks [Moreno 1934]
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The development of social network analysis [Freeman 2004] focused on three main
problems:
a) the identification of influential entities (nodes or groups of nodes) and their roles in
the network, resulting only from the topology of interrelations. In order to analyze
quantitatively the roles from the position in the network, the so-called Centrality
indicators have been introduced [Wasser 1994], [Scott 2000], [Opsahl 2010],
[Newman 2010]. The main Centrality index is the number 𝑘 of links of the node. It is
quite remarkable that the degree distribution 𝜌(𝑘) (percentage of nodes with degree
k=0,1,2,…,N), defines many structural properties and functionalities of the graph
[Newman 2006], [Caldarelli 2007], [Barr 2008 ], [Jackson 2008], [Newman 2010],
[Gross et al., 2011], [Estrada 2011]. We present the 4 main Centrality indices and
visualizations in the following table.
b) the identification of local and global patterns, like Communities or Modules
[Fortunato 2010], [Newman 2012]. Community or module detection is essentially the
application of statistical cluster analysis to graphs. The application of community
detection algorithms to the web, identified communities of web pages dealing with
similar topics [Eckman 2002], [Flake et al., 2002], [Dourisbourne et al., 2007],
[Fortunato 2010], [Newman 2012].
c) the dynamical mechanisms underlying the formation of structures [Jackson 2008],
[Lazer et al., 2009], [Edmonds et al., 2013].
Centrality
Degree Centrality
Betweenness Centrality
Closeness Centrality
Eigenvector Centrality

Role of Node or Group with High
Centrality
Hub
Intermediary, Broker, Liaison Officer
Interconnected, Communicator
Regulator, Strategic Player, Leader

Node
1
2
3
4, B in
Moreno’s graph

Most Mathematicians, Physicists, Chemists and Biologists, unaware of the above results on
Social Networks and also of the learning rules of Neural networks [Heykin 1999], were
mainly interested in regular networks, which modeled the crystals. Regular networks have
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constant degree. In the case of the hexagonal crystal of the common salt (NaCl), the degree is
6 for all nodes. Crystals grow by periodic repetition of the unit cell [Kittel 1971].

Fig. 2: Salt (NaCl) Crystal [Kittel C. 1971]
The wake up sound came from the analysis of telephone networks by the Hungarian
mathematicians Erdö s and Rényi [Erdos et al., 1959] who demonstrated that the degree
distribution 𝜌(𝑘) follows the Poisson Law observed earlier in radioactivity
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Figure 3. The Erdos-Renyi Graph
http://en.wikipedia.org/wiki/Erd%C5%91s%E2%80%93R%C3%A9nyi_model

The Erdö s- Rényi model [Erdos et al., 1959] enlarged the scope of graph analysis and
initiated the study of random networks [Bollobas 2001].
The reconciliation of the Self-Organization of living beings with Thermodynamics and
Statistical Physics [Prigogine 1978], [Prigogine 1980], [Kondepudi et al., 1998], and the
clarification of the transfer mechanism of genetic information to the organism, by the central
dogma of molecular biology [Crick 1970], led to the big dilemma in the 1970s: Should we
understand living beings as deterministic, monotonous and predictable regular networks, like
crystals, or as random, unstructured and unpredictable probabilistic networks like the
telephone networks? As those models were known to biologists at that time, the manifesto of
randomness and reductionism was signed by Jacques Monod [Monod 1970] and was widely
discussed. Prigogine however was not satisfied. Life is somehow supported by structures
neither purely deterministic, nor purely random. Life is functioning between chance and
necessity [Prigogine 1980], [Prigogine 1999], [Prigogine 2003]. Prigogine defined Complex
Systems as the systems with non-reducible interdependence, or those systems that cannot be
understood by applying the strategy: “Divide and conquer”. The missing structures, although
identified to some extend in social dynamics, were widely discussed, only after the
application of graph analysis to the web. These structures and mechanisms are now known as
small worlds [Watts et al., 1998], [Adamic 1999], [Strogatz 2003] and scale-invariant
networks [Albert 1999], [Albert 2000], [Barabasi et al., 1999], [Barabasi et al., 2002].

Small-worlds are networks where most nodes can be reached from every other by a small
number of steps, even though most nodes are not neighbors of one another. The problem of
accessibility and influence have been studied in sociology. Based on previous work on social
small worlds [Milgram 1967], [Travers et al., 1969] and Synchronization of fireflies [Strogatz
2003], Watts and Strogatz identified in 1998 the small world networks as those with average
path length L connecting the nodes is growing slowly with the order (number N of nodes) of
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the network: 𝐿~𝑙𝑜𝑔𝑁. Moreover, they constructed an evolutionary model for the emergence
of small worlds. Most real networks were found to be small worlds, namely: the web
[Adamic 1999], food chains, electric power grids, metabolite processing networks, networks
of brain neurons, voter networks, telephone call graphs after 1990s, social influence networks
[Watts et al., 1998], [Adamic 1999], [Strogatz 2003]. In the 1960s the average separation of
people was about 6 steps [Milgram 1967], [Travers et al., 1969]. Although in 1999 there were
800 million webpages, the average separation of the Web was about 19 steps [Albert 1999],
the separation of people in Facebook has been recently estimated as about 4 steps [Backstrom
et al., 2012]

Figure 4. The small worlds lie between regular and random networks [Watts 1998].

Barabasi demonstrated [Albert 1999], [Albert 2000], [Barabasi et al., 1999], [Barabasi et al.,
2002], moreover that the web has asymptotic power law degree distribution, i.e. for large
degrees, the degree distribution behaves like: 𝜌(𝑘)~𝑘 −𝛼 . The scaling exponent α was found
to take values usually between 2 and 3. This implies that the statistical properties of these
networks, at least asymptotically, do not depend on the scale, the networks are scale
invariant.
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Fig. 5: The Power law Degree distribution of the WWW. (a) Outgoing links (URLs
found on an HTML document). (b)Incoming links Web. (c)Average of the
shortest path between two documents as a function of system size [Barabasi et
al., 1999]
The power law is known also as Pareto Law, because Pareto found [Pareto 1897], [Pareto
1906] this law in the land distribution among individuals and proposed the famous 20-80
Rule, namely that 80% of the Effects (Wealth, Land ownership) come from 20% of the
Causes (Rich persons). This Rule has been found in most Real Systems a general law of
interdependent units-players. The probability distribution, Fig 6, of the Pareto law is:
𝛼𝜉 𝛼
ρ(x) = {𝑥 𝛼+1 , 𝑥 ≥ 𝜉
0 , 𝑥<𝜉

Figure 6. The Pareto (Power law) Distribution

83

In the case of the degree distribution in the Web, the privileged few sites-nodes with high
degree are the hubs, Fig. 7

Random

Scale-Free

Figure 7. Scale-Free versus random Graphs.

http://en.wikipedia.org/wiki/Scale-free_network
The black nodes are the hubs. Another key feature of Power Laws is the asymptotic long tail.

This is a common feature of other asymptotically scale-free laws and systems, like the Log-
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Normal law, observed in the File Sizes Distribution [Downey 2001] and the Internet traffic
[Antoniou et al., 2002], Fig. 8.
𝜌(𝑥) =

1
𝜎𝑥 √2𝜋

𝑒

−

(𝑙𝑛𝑥−𝑚)2
2𝜎 2

Figure 8. Log-normal Distribution of Network traffic aggregations [Antoniou et al., 2002].
The origins of Log-Normal laws go back to the logarithmic response observed in the 19th
century. Log-Normal laws have also been discovered in Biology and Medicine, Geology and
Mining, Environment, Meteorology, food Technology, Linguistics, Social science and
Economics [Crow et al., 1988], [Limpert et al., 2001].
Although in practice the discrimination between Power law and Lognormal law is not always
easy [Downey 2005], the generative mechanisms for these laws are different [Mitzenmacher
2003]. Power Laws emerge according to the mechanism of preferential attachment
introduced by Yule in 1925 in the context of evolutionary Biology, later developed by Simon
as a general mechanism in nature [Simon 1955a]. Preferential Attachment is also the
presently accepted mechanism for the development of the web [Barabasi et al., 1999]. The
rule is simple: at each step new nodes prefer to link with nodes with high degree (rich
connections, the popular persons or websites). The preferential attachment rule explained the
small diameter of the Web [Bollobas et al., 2004]. Merton pointed out that Lognormal Laws
emerge when the generation mechanism involves moreover the stronger condition that the
“poor” nodes become poorer according to Matthew’s Gospel [Merton 1968].
The scale-free nature of networks goes along with the small world property in most real
networks. Most real scale free networks are also small worlds [Newman et al., 2006],
[Caldarelli et al., 2007], [Barrat et al., 2008 ], [Jackson 2008], [Lewis 2009], [Newman
2010], [Gros 2011], [Estrada 2011]. It is remarkable that semantic networks also are found
[Steyvers et al., 2005] to be small-worlds and scale-free with most nodes having relatively

85

few connections joined together through a small number of hubs with many connections.
Steyvers and Tenenbaum proposed a semantic growth mechanism of linking in terms of
semantic utility.The hubs (nodes with high degree) emerge naturally as web pages linking
resources together.
Scale-free networks are moreover much more tolerant against random errors, failures or
attacks, compared to other random networks [Albert et al., 2000]. This robustness may
explain the resilience of many complex systems. However, attacks to hubs lead to
fragmentation (appearance of disconnected components) of the Network.
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Postword
MATHEMATICS OF THE WEB!

The fact that most specific expert systems developed with high falluting fanfare at the time
(MYCIN, Prospector, etc.), failed to produce the commercial benefits advertised, does not
detract from the fact that they tried to use Logic techniques for acquiring new knowledge
from that already available.
Network models of the Web, as well as Logic, have not yet demonstrated their peak
possibilities. Network theory as an interdisciplinary synthesis of previous developments is
still at infancy. The web is likely the most exciting challenge for researchers and businesses
as it is an ongoing interplay of humans, artifacts and nature in a space-time where distances
change and boundaries grow together with the observers, the explorers and the users-players.
The value of the Web will manifest in “full glory” after our integration in the so-called
Knowledge society, where the needed knowledge will be cognitively selected, intelligently
processed reasonably fast, leaving space and time for our creativity and intuition.
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